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Abstract

In this thesis, we introduce a novel deep feedforward neural network to perform
classification tasks. The network encompasses several dense hidden layers followed
by a polynomial layer, the nodes of which are inferred using activation functions
expressed in terms of Hermite polynomials. The polynomial layer admits linear
combinations of the outputs coming from the previous layers and expands them into
several truncated Hermite series. The Hermite series are aggregated and fed to the
output layer in order to infer the network’s decision. The above strategy generates
network with improved performance due to the following reasons. The Hermite
polynomials are orthogonal over the whole set of real numbers and possess strong
modeling and approximation capabilities. In addition, they can effectively deal with
highly nonlinear data. Finally, the way the Hermite polynomials are implemented
in this paper provides the advantage of using shared weights between nodes within
the polynomial layer thus, reducing the number of the design parameters. The
performance of the network is assessed by conducting comparative simulation
experiments with four additional methods over several datasets. The comparison
is carried out in terms of t-test inference statistics. The experimental outcomes
indicate a clear superior performance of the proposed network when compared to
the rest of the methods.
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1 Artificial Intelligence

2 Introduction

2.1 Introduction

This section is an introduction to Artificial Intelligence. We can say that this scientific field is originated back in 1947
when an English mathematician, Alan Turing gave a lecture about this topic. A lot of scientific and technological ideas
were born after imitating physical systems that surround us like the airplane/birds example. Something analogous
is happening in AI (abbreviation term for Artificial Intelligence) and human brain. Scientists and engineers try to
understand human intelligence and import it, as possible as can be, inside machines. In other words, humanity is
trying to create smart machines. With one difference, AI does not focus only in procedures that biological systems
use but they are moving one step beyond trying to include computational methods that humans may do not have.
John McCarthy in 1955 said: ‘The goal of AI is to develop machines that behave as though they were intelligent’ [1].

Nevertheless, the difficulty is to distinguish which procedures can be called computational intelligent and which
not. Alan Turing in 1950 in his article Computing Machinery and Intelligence describe what condition should be exist
to characterize a machine as intelligent and is well known as Turing test. In this test, a human is sitting in front of
two terminals typing various questions. Behind the first terminal is hidden a human and behind the second terminal
just a computer. After the human finishing his question decides which is machine and which is not. We can say that
a machine passes the Alan Turing test if it is able to trick human at least 30 % [1].

The final goal is to transform machines having a human intelligence level i.e anticipate and solving problems like
humans [2].

The large computational power can perform task that humans can’t like a two 20-digit multiplication so someone
can argue that computers’ intelligence is already higher than humans in some domains. How can we tackle an argument
like this and what’s the optimal definition of AI ? Elaine Rich shed some light giving a more timeless definition of AI:

Definition 1. Artificial Intelligence is the study of how to make computers do things at which, at the moment, people
are better [1].

In the below graph, we can see a brief history indicating some milestones of various areas in AI.

Figure 1: Brief history of various AI’s fields.

In next sections, we will try to approach these various AI domains.

2.2 First order logic

Propositional logic can only represents information that accept two logical values true or false. But, this representation
way, in some more complicated cases like natural languages sentences, can be limited. For example, the sentence ‘Bob
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like playing football’ is not able to be described using propositional logic and a more powerful mechanism such as the
First Order Logic (FOL) needs to be introduced [3].

In artificial intelligence FOL constitutes representation methods being an extension of the propositional logic able
to represent statements and sentences of a natural language. It also known as predicated logic [3]. Some of the basic
elements/properties that define FOL are:

1. Assume that the physical world is made of facts,objects (like people), relationship between objects (like brother
of), functions.

2. FOL considered as another natural language with syntax and semantics.

The basic structure of FOL can be split into two parts the subject and the predicate. Subject is the main component
of a statement and the predicate is like a functions that binds two things of the statement.An example of an FOL
representation is the sentence ‘Every man respects his parent’ that is written as:

∀xman(x)→ respects (x, parent ) (1)

where the predicate is the respect(x,y) where x is equal to man and y is equal to parent.
Various applications are appearing in AI that use first order logic some examples are the sentence compression

model constituting one big challenges in natural language processing [4], the infrastructure for context awareness as
FOL gives the ability to express inductive and deductive reasoning using a combination of Boolean operators,universal
and existential quantifiers [5], top down induction decision trees [6], the ability to produced inferences known as
automated reasoning [7] regression and classification trees [8]. Also part of FOL is contained in more special kind of
logics such as fuzzy logic, temporal logic, high order logic and the well known theory of probabilities [9].

2.3 Probabilistic Reasoning

Probabilistic reasoning is another knowledge representation method covering the cases that predicates can not i.e when
we are not sure about the prediction of a statement. There are a lot of reasons in the real world that make the output
of event uncertain like climate change, temperature variation, experimental errors or just information that the source
of them was unreliable. In probabilistic reasoning, the uncertainty of various events are handled using the combination
of logic and probability theory. In this field the uncertain knowledge is handled mainly with two ways the Bayes’ rule
and the Bayesian Statistics [10].

Probabilistic reasoning is used in AI with plenty of applications like in [11] that has been used to develop techniques
inside predictive expert systems, in [12] for terminological knowledge representation, in the phD thesis [13] has been
used for automate software tuning, in [14] that probabilistic reasoning was used by a robot to self recognize if an item
belongs to its part or not. Also, in [15] authors created a probabilistic model approach that can classify if logs from a
web server are coming from a crawler or by human a problem known as Web Robot detection, in economics, authors
have been used it for developing intelligent stock trading systems [16] or in language research for spoken dialogue
management [17] and many more.

2.4 Decision Trees (DT)

Decision trees constitutes a supervised technique for learning used in data mining, statistics and machine learning
widely used and being popular for their simplicity and intelligibility. Their basic scope is to be part of a predictive
mechanisms that uses observations to produce results.They can be split into two main categories classification and
regression decision trees depending the nature of the output. The first ones, are used when the target variable i.e the
outcome takes discrete values containing leaves representing the class labels and branches that are the conjunctions
and the second ones when the target variable takes continuous real number values [18]. There are some advantages
that make decision trees popular in the world of AI. Some of them are:

1. They are simple to understand and their ability of being graphically displayed produces an easier interpretation.

2. They can be used both for categorical and numerical data.

3. Minimum dataset preparation (e.g no need for normalization).

4. They use the white box approach giving the ability for boolean logic explanations instead for black box like in
in neural networks that the output after a training is difficult to understand.

5. They have good performance with large datasets.

6. Good for approximation boolean functions like XOR.

7. Appears robustness against co-linearity.

8. A model using decision tree can be statistical tested.
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On the other hand, some limitations of them are:

1. High sensitivity for the outcome when changes in the training data occurs.

2. In decision trees is difficult an optimal tree to be found a problem known as NP-complete.

3. Over complex decision trees structures can forall into the overfitting trap.

A huge number of scientific papers exist using decision trees handling through them AI challenges. In [19] a
combined method using artificial neural networks (will refer analytically later to them) and decision tree is proposed
for making prognosis of the breast cancer relapse. In [20] oil price is predicted through them (decision stump, random
forest and random tree algorithms have been used) using a dataset over 24 years. In [21] DT have been used for a failure
analysis happening through internet request gathering and processing requests’ properties using automated machine
learning and data mining methods. In [22] authors propose the idea of evolving decision trees through the usage
of genetic algorithms. In [23] DTs have been used for ecological purposes developing an applications that examines
population dynamics and for different organisms, ecosystems and environmental conditions. Also, in [24] a novel
algorithm has been proposed using DTs for handling nonlinear metrics. An interesting application of DTs has been
proposed in [25] where authors used them inside hardware architecture (examples of hardware DTs implementation
are oblique, non linear or axis parallel) showing that their presence can save up to 56 % less resources of hardware.

2.5 Fuzzy logic

The terms fuzzy logic represents states where an truth value of a variable can take any real number in the interval
[0,1] in contrast to classic boolean logic that the value can be either in 0 or 1 state. Basically, this type of pseudo
boolean variable handles a concept known as ‘partial truth’. Historically, this term introduced on 1965 by Lotfi
Zadeh. In the foundations, in fuzzy logic someone takes a decision based non numerical and uncertain data. For
example, if we ask a group of people to identify a specific color (i.e a specific wavelength) then answers will vary and
the truth will vary base on the distinctive ability of their eyes. Hence, fuzzy logic are constrained by models trying
to recognize,describe,manipulate, interpret ambiguous information. We have to note that, fuzzy logic at first glance
may be similar with probability theory as both take value from 0 to 1 but fuzzy logic try to approach vagueness
while probabilities ignorance. Fuzzy logic and artificial intelligence have common structure as the logic behind neural
networks is fuzzy i.e the output of the neural network training process is not a boolean value but a ranged value
between 0 and 1. Hence if the output is closer to 0 or to 1 a decision is taken [26].

Fuzzy logic is applied a lot in the medical decisions with applications in image analysis, signal analysis from
biomedical data, and feature extraction. Some still ongoing challenges although are how to produce that appropriate
fuzzy data that coming from patients, how to validate and how to assess the quality of them. An example constitutes
CAD or in other words Computer Aided Diagnosis. This is as set of tools that helping aid physicians for making
diagnosis from medical images like MRI or x-Rays. When an physician recognizes an potential disease in an patient’s
medical examination he/she can use CAD to interpret this lesion and the fuzzy logic takes place and helps to describe
the main properties of it [26].

A popular fuzzy system is known as Mamdani and follows three rules first ’fuzzify’ inputs into fuzzy functions, then
run all possible rules to calculate the output fuzzy functions and finally ‘defuzzify’ the output fuzzy functions to get the
output values. The term known as ”fuzzification” is the procedure where the numerical input is being corresponded to
fuzzy sets. For example, in the image 2 the temperature states cold,warm and hot are being mapped to a temperature
scale, where in every point on that axis corresponds three truth values, each for every state. The arrows in the vertical
line shows exactly this i.e for a specific temperature what’s the correspond state. The temperature that the red arrow
(representing the hot state) indicates points a zero value means that this temperature is ”not hot”. The orange arrow
(warm state representative) points, for the temperature values under discussion, in a value around 0.2 and the blue
arrow in 0.8. Hence, this temperature has zero membership for the ‘hot’ fuzzy set, 0.2 membership in the ‘warm’ set
and 0.8 in ‘cold’ set [26].

Figure 2: A fuzzy logic example using temperature states cold, warm,hot
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Fuzzy sets can be defined using triangle or trapezoids indicating that a value is increasing, reach a peak and then
decreasing again. Also, sets can be represented by the sigmoid function:

S(x) =
1

1 + e−x
(1)

Numerous applications of fuzzy logic can be found in the artificial intelligence domain. In [27] is discussed about
fuzzy logic in industrial engineering, in [28] a review of applications in the building technology is presented focusing on
the improvement of indoor and energy conservation problem, in [29] solving more complex power systems problems, in
to evaluate student performance, in [30] fuzzy logic has been combined with genetic algorithms to address an automated
works transport organization problem, in image edge detection [31], for ground and air vibrations prediction [32],

2.6 AI, Machine Learning and Deep Learning

Artificial Intelligence, Machine Learning and Deep Learning are three related fields of computer science that are
increasingly impacting the way we live, work, and communicate. These technologies are rapidly evolving and are set
to play a major role in shaping the future of computing and human interaction. In this section, we will discuss what
AI, Machine Learning, and Deep Learning are, their similarities and differences, and some of their key applications
and implications [33].

Figure 3: Artificial Intelligence, Machine Learning & Deep Learning.

Artificial Intelligence (AI) is a broad field of computer science that involves developing machines and algorithms that
can perform tasks that typically require human intelligence. The goal of AI is to create systems that can reason, learn
from experience, understand natural language, recognize objects and patterns, and make decisions. AI systems can be
divided into two categories: rule-based systems and learning-based systems. Rule-based systems rely on pre-defined
rules to make decisions, while learning-based systems use algorithms to learn from data and make predictions [33].

Machine Learning (ML) is a subset of AI that focuses on the development of algorithms that enable systems to
learn from data and make predictions. ML algorithms can be supervised, unsupervised, or semi-supervised, depending
on the nature of the data they are trained on. Supervised ML algorithms are trained on labeled data, where the
correct output is already known, while unsupervised ML algorithms are trained on unlabeled data, where the output
is not known. Semi-supervised ML algorithms are trained on a combination of labeled and unlabeled data [33].

Deep Learning (DL) is a type of ML that is based on artificial neural networks, which are inspired by the structure
and function of the human brain. Deep Learning algorithms use multiple layers of artificial neurons to analyze and
learn from large amounts of data, enabling them to make highly accurate predictions. DL algorithms are particularly
well-suited to tasks that involve image and speech recognition, natural language processing, and autonomous systems
[33].

One of the main similarities between AI, ML, and DL is that they all involve the development of algorithms that
enable machines to perform tasks that would typically require human intelligence. Another similarity is that they all
rely on data to learn and make predictions. A key difference between these technologies is the scope and focus of
their applications. AI is a broad field that encompasses both rule-based and learning-based systems, while ML focuses
specifically on learning-based systems. DL, on the other hand, focuses specifically on neural networks and their ability
to learn from large amounts of data [33].

The applications of AI, ML, and DL are wide-ranging and impact almost every industry, from finance and healthcare
to retail and transportation. In finance, for example, AI and ML are used to analyze market data, predict stock prices,
and detect fraud. In healthcare, AI and ML are used to diagnose diseases, predict patient outcomes, and improve
patient care. In retail, AI and ML are used to personalize customer experiences, optimize supply chain management,
and increase sales [33].

AI, ML, and DL are quickly growing technologies that have a substantial influence on how we live, work, and
communicate. While there are many similarities between these technologies, such as their dependence on data to learn
and generate predictions, there are also significant distinctions, such as their application breadth and emphasis. It is
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conceivable that as these technologies continue to develop, they will play an ever greater role in influencing the future
of computer and human interaction [33].

2.7 Section References

[1] Wolfgang E., Introduction to Artificial Intelligence, Second Edition, Springer

[2] McCarthy, J. (2007). What is artificial intelligence.

[3] First-Order Logic in Artificial intelligence,
https://www.javatpoint.com/first-order-logic-in-artificial-intelligence

[4] Huang, M., Shi, X., Jin, F., & Zhu, X. (2012). Using first-order logic to compress sentences. In Proceedings of the
AAAI Conference on Artificial Intelligence (Vol. 26, No. 1, pp. 1657-1663).

[5] Ranganathan, A., & Campbell, R. H. (2003). An infrastructure for context-awareness based on first order logic.
Personal and Ubiquitous Computing, 7, 353-364.

[6] Blockeel, H., & De Raedt, L. (1998). Top-down induction of first-order logical decision trees. Artificial intelligence,
101(1-2), 285-297.

[7] Klinov P., Mouromtsev D., Knowledge Engineering and the Semantic Web, 4th International Conference, KESW
2013 St. Petersburg, Russia, October 2013 Proceedings

[8] Kramer, S., & Widmer, G. (2001). Inducing classification and regression trees in first order logic. Relational Data
Mining, 140-159.

[9] What is first-order logic in Artificial Intelligence?
https://www.educative.io/answers/what-is-first-order-logic-in-artificial-intelligence

[10] Probabilistic reasoning in Artificial intelligence
https://www.javatpoint.com/probabilistic-reasoning-in-artifical-intelligence

[11] Spiegelhalter, D. J. (1986). Probabilistic reasoning in predictive expert systems. In Machine Intelligence and
Pattern Recognition (Vol. 4, pp. 47-67). North-Holland.

[12] Jaeger, M. (1994, January). Probabilistic reasoning in terminological logics. In Principles of Knowledge Representation
and Reasoning (pp. 305-316). Morgan Kaufmann.

[13] Sullivan, D. G., Seltzer, M. I., & Pfeffer, A. (2004). Using probabilistic reasoning to automate software tuning.
ACM SIGMETRICS Performance Evaluation Review, 32(1), 404-405.

[14] Gold, K., & Scassellati, B. (2009). Using probabilistic reasoning over time to self-recognize. Robotics and
autonomous systems, 57(4), 384-392.

[15] Stassopoulou, A., & Dikaiakos, M. D. (2009). Web robot detection: A probabilistic reasoning approach. Computer
Networks, 53(3), 265-278.

[16] Bao, D., & Yang, Z. (2008). Intelligent stock trading system by turning point confirming and probabilistic
reasoning. Expert Systems with Applications, 34(1), 620-627.

[17] Roy, N., Pineau, J., & Thrun, S. (2000, October). Spoken dialogue management using probabilistic reasoning. In
Proceedings of the 38th annual meeting of the association for computational linguistics (pp. 93-100).

[18] Decision Trees, wikipedia, https://en.wikipedia.org/wiki/Decision_tree_learning
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3 Neural Networks

As the main ingredient of this master thesis are neural networks we will present an extensive analysis of them in this
separate section. Artificial neural networks (ANN) or simply Neural Networks (NN) are computational systems trying
to mimic biological neural networks. Their main functionality that are trying to adapt is ‘learning’ in the same sense
as our brain learns. For example, a NN is able to learn to classify if something is cat,dog or sofa or are able to predict
given specific inputs what will be the next price (regression process).

3.1 Structure

Let’s take closer look in the basic neural network structure which can be presented in the below image (22):

Figure 4: Basic neural network architecture

As we can see there five fundamental ingredients of the neural network the input layer, the hidden layer, the output
layer, neurons and vectors that called synapses or weights. There is one more part that is hidden and exists inside
neurons known as activation function. In every neuron a specific calculation occurs. It accepts numerical values from
previous neurons and produce an output that is a single value. In the below image (5), three input scalar values
insert inside the neuron. These values are connected with w1,w2 and w3 weights. Then a very specific calculation
takes places, which constitutes the core of the neural network. It contains two subparts, first the inner product wixi
(sometimes a term is being add name as bias wixi + bias) and then the result of this is being applied as an input to
a function known as activation function. The final result, here the Y , is the output that characterize the neuron.

Figure 5: The core calculation behind neural networks

Analogously, in a more complex structure these calculations are happened in every neuron producing the final
result.
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Figure 6: A more complex neural network structure.

3.2 Weight initialization

Weight initialization plays an important role in the neural network training. Immediately, weights are appearing in
the optimization algorithm that its goal is to minimize the loss function with respect to weights or in other words
find the optimal weights combination that minimize the loss function. In the beginning, we have to start with some
initials weights that will change during the training phase. Different initials values means different training, difference
performance [34].

3.2.1 Why we get different results each time in machine learning ?

The nature behind machine learning models is to produce each time different results. In machine learning there are
two concepts that has to be distinguish model and algorithm. The algorithm is all this steps that run on a dataset
that produce a model. The later is used to make predictions on data. Or in other words, a machine learning model is
a programme that learns using historical data via an automated way. The automation contains a mapping function
between inputs and outputs i.e they try to approximate this mapping function [35].

In contrast to classical programmes that follow an if/else logic machine learning models are not deterministic and
then they produce different results each time we run them i.e different error level and difference performance level.
Four basic components that they can lead to difference training/testing results are the nature of each dataset, the
stochastic learning algorithms (like stochastic gradient descent), the diversity of the evaluation methods and also the
platform itself that we train/test the model [35].

Different results due to training data
The variance of a machine learning algorithm is a concept related with different results that can be produced when

a specific algorithm is running on different training data or in other words measures the sensitivity of this algorithm
relative with specific data in the training phase. If take into consideration that the model is a function approximator
along with law of large numbers then algorithms that appear higher sensitivity usually need more training data.
Overall, training a machine learning algorithm on different training datasets will produce different models i.e different
prediction ability with different estimators (loss,accuracy) [35].

-¿ may you can write about the law of large numbers in machine learning (see brownlee)
Different results due to learning algorithms
A lot of machine learning algorithms are stochastic and as a result produce slightly different outcomes (prediction,performance

etc) when they run on the same dataset multiple times or in other words these algorithms learn slightly different models
[35]. A process can be called stochastic if it governed by stochastic variables i.e variables that they carry some kind
of randomness in them. Popular stochastic processes are the Brownian motion, Monte Carlo sampling, the Markov
process etc [36].

In machine learning, optimization and learning algorithms appears to be stochastic as they may use probabilities to
make decisions. Stochastic optimization algorithms leverage randomness to optimize an objective function or they try
to optimize an already random objective function. Generally, inside their process they are trying to find the optimal
position in a search space taking account probabilistically the previous positions [36].

A popular one is the stochastic gradient descent process. Stochastic Gradient Descent (SGD) is an optimization
procedure used to update a machine learning model’s parameters in order to reduce its error. It is termed ”stochastic”
because the gradient of the error function is computed using random data samples (or ”mini-batches”) rather than
the complete dataset. This can make the algorithm quicker and more effective, particularly when working with huge
datasets. The main idea is to update the parameters iteratively in the opposite direction as the gradient of the
error function, with a step size determined by a learning rate. Numerous machine learning methods, such as linear
regression, neural networks, etc., make extensive use of it [48]. Overall:
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1. Stochastic algorithms can help to avoid getting stuck in local optima, which can be a problem in traditional
deterministic algorithms.

2. Randomness can also be used to introduce more diversity in the training data, which can lead to better
generalization performance.

3. Stochastic algorithms can be more efficient than deterministic algorithms, especially when dealing with large
amounts of data.

4. Random sampling can be used to approximate complex distributions and find the optimal solution in a computationally
efficient manner.

5. It’s also important to note that the data itself is inherently stochastic and algorithms that can model the noise
in the data are more likely to perform well.

There are some ways to reduce randomness that is introduced by the stochastic algorithms. First, by setting
the seed for the random number generator used by the algorithm. This will ensure that the same sequence of
random numbers is generated each time the algorithm is run, making the results reproducible. Second, by using
techniques such as cross-validation, where the data is split into multiple sets and the algorithm is trained and tested
multiple times using different subsets of the data. This can help to estimate the generalization performance of the
algorithm and reduce the effect of randomness. Also, some algorithms have hyperparameters that control the amount
of randomness. For example, in Random Forest, the number of trees and the number of features to consider at each
split are hyperparameters that can be adjusted to control the randomness [38]. In summary, while the randomness
can’t be fully controlled, it’s possible to reduce the effect of randomness by using techniques such as setting the seed,
cross-validation and adjusting the hyperparameters [39].

Differences due to evaluation process
Also, the evaluation process can result different outcomes even if we run the same algorithm and the same data

[40]. Two popular evaluation procedures are the train-test split and the k-fold cross validation. The first, involves
dividing (randomly or not) the data into two sets: a training set and a test set. The training set is used to train the
model, while the test set is used to evaluate the performance of the model. It’s important to note that the train-test
split method is a simple evaluation method and it has some limitations, such as the model performance can be highly
dependent on the specific split of the data, and the sample size of the test set. Using, the second one, the k-fold cross
validation the aforementioned problem can be overcomed. which divides a dataset into k non-overlapping parts and
uses one fold as the test set and all the other folds as the training set.

3.3 Activation function

As we notice in the previous section, each neuron makes a calculation

f

(
n∑
i=1

wixi + bi

)
(1)

where wi are weights, xi are inputs, bi is the bias and f the activation function.

3.3.1 Why we use activation function

Neural networks accepts inputs (input layer) and produce outputs (output layer). Suppose that we do not use
activation function in the NN structure, then the output would be a simple linear combination or in other words a
polynomial order one i.e the NN will act as a classical linear regression model. Introducing an activation function
inside the Neural Network mechanism, NN can gain the ability to recognize,develop and extract knowledge from
complex,non-linear,high-dimensional datasets. Hence, a NN can not only be a linear regression model but perform
complicated tasks like processing audio,speech,images etc [41].

When a NN is constructed it has to be generic able to process any random dataset that maybe contains non-linearity.
Hence, the choice of activation function has to fullfil this requirement. In other words, non-linearity of the initial dataset
can be handled by a non-linear activation function. Also, another appropriate requirement is to be differentiable
function as in the training process back propagation (procedure that computes derivatives) is used to optimize the
loss function [41].

3.3.2 The vanishing gradient problem

In this section, we will briefly make a reference to the vanishing gradient issue that is close related with the nature of
the chosen activation functions. In machine learning, when artificial neural networks are trained via backpropagation
and gradient methods (like gradient descent) the optimal parameters of the NN (i.e weights and biases) are being
found through an update that happens on them that is proportional with the partial derivative of the loss function
relative to the specific weight. In other words,if this derivative is small implies a small weight update. The worst case
scenario is the derivative is to be so small that will stop the training process and hence the network not to be the
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optimal. This problem is known as the vanishing gradient problem [44]. To better illustrate this problem we will
give an example. We assume the sigmoid function σ(x) = 1

1+e−x where its graphical representation and its derivative
are given by:

Figure 7: The sigmoid and its derivative.

In the backpropagation the new updated weight is given by the formula:

Wnew = Wold − η ∗
∂C

∂w
(2)

where wnew is the updated weight, wold the old weight, η is the learning rate parameter and ∂C
∂w is the gradient

of loss function with respect to a specific weight. Applying the chain rule to the above formula we can format a type
that will give the gradient of the loss function as product of derivative all the activation functions relative to their
weights i.e the chain rule [42]

∂C

∂wljk
=
∂C

∂zlj

∂zlj
∂wljk

(3)

where zlj =
∑m
k=1 w

l
jka

l−1
k + blj is the activation function. Hence, we can note that the weight update rate of nodes

is rely on the activation functions’ gradients. All nodes that contain sigmoid, base on the graph its partial derivative
can be a max value of 0.25. When more layers exists, products of these order of magnitude, produce even smaller
values until there is one point that the value becomes almost zero [43]. The error (gradient of loss) are being decreased
exponentially with n, where n is number of hidden layers [44]. Hence, in deep network architectures using sigmoid
can be a significant performance factor [43]. Simpler, in a neural network that face vanishing gradient weights are not
being update and the network does not learn.

An obvious way to overcome this issue is to replace the activation function with another one that its derivative
does not take small value. A good candidate is the ReLu where its derivative is 1 for input values greater than zero
and zero for negative values avoiding the gradient from being vanished turing training.

Figure 8: The ReLU and its derivative. As we can see its derivative is > 0 overcoming the vanishing gradient problem.

We have to note that also ReLU can take zero values when the input is negative and hence training does not being
applied for these nodes. This can be treated using the leaky ReLU. Generally is being defined as:
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Figure 9: Leaky ReLU

where a is the slope coefficient for negative inputs that is being defined before the training [45].
A second way to face the vanishing gradient is to initialize properly the weights in order during the training period

not be vanished [44].

3.3.3 Types of activation functions

Activation functions are also known as threshold functions or transfer functions constitute a scalar to scalar transformation
[41]. There are a lot of different candidates, and below we will present some of the most popular.

Sigmoid: It is one of the most used in NNs, it is non-linear, converts the values in the range 0 to 1, is continuously
differentiable and its mathematical is defined as:

sig(t) =
1

1 + e−t
(4)

Figure 10: Sigmoid

Tanh: The Tangent hyperbolic activation function (Tanh) transforms values in the -1 to 1 range (i.e cover the
sign of the previous layer to the next layer).It is also continuously differentiable, zero centered and mathematically
defined as:

tanhx =
e2x − 1

e2x + 1
(5)
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Figure 11: Tangent hyperbolic activation function (Tanh)

ReLU: ReLU means rectified linear unit. It is a very popular activation function in NN with applications in speech
recognition and computer vision [46]. Mathematically defined as:

f(x) = x+ = max(0, x) (6)

where x is the neuron’s input.

Figure 12: Rectified linear unit function known as ReLU.

As we see in the above graph, when ReLU is used, activates the neurons that contain greater than zero input values.
This property known as sparse activation function is make in it more efficient from other activation functions as at
a certain time not all neurons are activated [41]. Also it is scale invariant i.e the equation (6) becomes max(0, ax) =
amax(0, x) for a ≥ 0. On the other hand, in zero is not differentiable and usually the derivative at this point is
chosen randomly to has a value i n the range (0,1][46] or just the weights and biases are not being update during the
backpropagation phase [41].

3.4 Neural Network training

In this section, we are going to analyze the training process of Neural Networks. Training a neural network involves
adjusting the parameters of the network so that it can perform a task, such as classification or regression, on a given
dataset.

In thesis, we worked only with forward propagation. In forward propagation, the inputs are passed through the
network to produce the output predictions. The inputs are multiplied by the weights (parameters) of the network and
passed through activation functions (e.g. sigmoid, ReLU, etc.) to produce the output. The difference between the
predicted outputs and the actual outputs is then calculated and used to update the parameters in the next step.

The difference between the predicted outputs and the actual outputs is calculated using a Loss function (e.g.
mean squared error, cross-entropy, etc.). The loss function measures how well the network is performing on the task
and the goal is to minimize the loss [47].

Then, it follows the Backpropagation process Backpropagation is the process of computing the gradient of the
loss with respect to the parameters of the network. The gradient is used to update the parameters in the direction
that minimizes the loss. This is typically done using an optimization algorithm such as gradient descent, Adam, etc.
Gradient descent is a popular optimization algorithm that updates the parameters in the direction of the negative
gradient. This means that the parameters are updated in the direction that reduces the loss. The size of the update
is controlled by a learning rate, which determines the step size of the update [47].
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The aforementioned processes of forward propagation, calculating the loss, backpropagation and updating the
parameters is repeated for several epochs. An epoch is one complete pass through the dataset. The idea is to repeat
this process multiple times so that the parameters can be updated and the network can learn from the data. Usually,
in the training process is used something that is called batch size. Batch size refers to the number of samples from
the training data that are processed in a single forward-backward pass through the network. In other words, the
batch size determines how many samples are used in each iteration of the training process. For example, if the batch
size is 32, then 32 samples from the training data will be used in each iteration. The batch size has a direct impact
on the training process. A smaller batch size can result in a noisy estimate of the gradient, which can slow down
convergence. On the other hand, a larger batch size can result in a more stable estimate of the gradient, but can also
require more memory and take longer to compute. Sometimes, epochs and batch size are confusing concepts especially
for beginners. In this point, we would like to mention that epochs, on the other hand, (as we refered previously) refer
to the number of times the entire training data is processed. In each epoch, the network processes the training data in
batches (determined by the batch size) until all samples have been seen. After one epoch, the weights are updated and
the process starts again. This process is repeated until the desired number of epochs has been reached. In summary,
batch size determines the number of samples processed in each iteration, while epochs determine the number of times
the entire training data is processed. Both batch size and epochs can have a significant impact on the performance of
the network and are important hyperparameters to consider when training a neural network [47].

Then, in some trainings regularizations methods are chosen. Regularization is a technique used to prevent
overfitting, which occurs when the network becomes too complex and starts to memorize the training data rather than
generalizing to new data. Regularization adds a penalty term to the loss function to discourage overcomplex models.
In more details, Generalization is the ability of a neural network to perform well on unseen data, not just the data it
was trained on. It is an important aspect of machine learning because the ultimate goal is to develop models that can
generalize to new, unseen data. Overfitting is the opposite of generalization and occurs when a model becomes too
complex and starts to memorize the training data rather than generalizing to new data. There are several techniques
that can be used to improve the generalization of a neural network:

� The most common types of regularization in neural networks are L1 regularization (also known as Lasso), L2
regularization (also known as Ridge), and dropout. L1 and L2 regularization add a penalty term to the loss
function based on the magnitude of the weights, while dropout randomly drops out neurons during training [48].

� Early Stopping: Early stopping is a technique that stops the training process when the performance on a
validation set starts to degrade. This helps prevent overfitting by limiting the number of epochs the network
can train for [49].

� Cross-Validation: Cross-validation is a technique used to evaluate the performance of a model on unseen data.
In cross-validation, the data is divided into multiple folds and the model is trained and evaluated on each fold.
The performance on each fold is then combined to give an overall estimate of the model’s performance [50]. In
this thesis, we used cross validation to anticipate overfitting.

Figure 13: Cross validation technique, the original dataset is splitted in k-folds (here 5-folds). In each iteration, in
this example, different 80 % of the dataset are used for training and the remaining 20 % for testing.

� Ensemble Methods: Ensemble methods involve combining multiple models to produce a single, more accurate
model. For example, a random forest is an ensemble of decision trees. Ensemble methods can improve the
generalization of a model by combining the strengths of multiple models and reducing the impact of overfitting
in any individual model [51].

� Data Augmentation: Data augmentation is a technique used to increase the size of the training data by
generating additional, synthetic samples. This can help improve the generalization of a model by making it less
susceptible to overfitting [52].
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In the training processes there are several also important parameters in a neural network that can greatly impact
its performance. These include the number of layers, the number of neurons in each layer, the activation functions,
the learning rate, the regularization strength, the batch size, etc. These parameters are called hyperparameters and
they must be set before training begins. The optimal hyperparameters are typically determined through a process
called hyperparameter tuning.

Hyperparameter tuning is an important step in the training process because the performance of the network can
be significantly impacted by the choice of hyperparameters. For example, a large learning rate may cause the network
to converge slowly or not converge at all, while a small learning rate may result in a network that converges too slowly
[53].

There are several techniques that can be used to perform hyperparameter tuning, including [53]:

1. Grid Search: Grid search is a simple and straightforward technique that involves evaluating the performance
of a model for every combination of hyperparameters in a predefined grid. The grid is defined based on the
possible values for each hyperparameter. The performance of the model is then evaluated for each combination
of hyperparameters, and the set of hyperparameters that results in the best performance is selected.

2. Random Search: Random search is a more efficient technique than grid search that involves randomly sampling
hyperparameters from a predefined distribution for each hyperparameter. The performance of the model is then
evaluated for each set of hyperparameters, and the set of hyperparameters that results in the best performance
is selected.

3. Bayesian Optimization: Bayesian optimization is a more sophisticated technique that involves using a
probabilistic model to model the relationship between the hyperparameters and the performance of the model.
The probabilistic model is updated after each evaluation of the performance of the model, allowing the algorithm
to learn which hyperparameters are likely to result in good performance and focus its search in those areas.

In summary, hyperparameter tuning is the process of finding the best set of hyperparameters for a neural network.
Another crucial component in the training of a neural network and can have a significant impact on the performance

of the model is the training dataset. The quality and size of the training data can directly affect the ability of the
network to learn and generalize to new, unseen data. Here are some details about the impact of training data on
neural network performance [54,55].

First, the quality of the training data is important because it directly affects the ability of the network to learn
and generalize. For example, if the training data contains errors or outliers, it can negatively impact the performance
of the network. On the other hand, high-quality training data that accurately represents the problem can help improve
the performance of the network.

Second, the size of the training data can also have a significant impact on the performance of the network.
In general, a larger training set can help improve the generalization of the network, as it allows the network to learn
from more diverse examples. However, a very large training set can also be computationally expensive and may not
be necessary for smaller problems.

Third, the diversity of the training data can also play a role in the performance of the network. If the training
data is not diverse enough, i t can lead to overfitting, where the network memorizes the training data rather than
learning the underlying patterns. On the other hand, a diverse training set can help the network to generalize better
and avoid overfitting.

Fourth, the representativeness: The training data should be representative of the problem and the distribution
of the data that the network will encounter during inference. If the training data is not representative, it can lead to
underfitting, where the network is unable to accurately model the problem.

Furthemore, something that is called batch normalization is taken into account in the neural network process.
Batch normalization is a technique used in deep learning to normalize the inputs to each layer in a neural network. It
is designed to improve the stability and speed of training, as well as improve the generalization of the network [56].

The purpose of batch normalization is to reduce the internal covariate shift, which is the change in the distribution
of the activations as the network trains. This change in distribution can slow down the training process and make
it more difficult for the network to learn. Batch normalization helps to mitigate this problem by normalizing the
inputs to each layer, which can help to stabilize the training process. Batch normalization is typically implemented
by adding an additional layer to the network that performs normalization. This layer takes the activations from
the previous layer, normalizes them to have a mean of zero and a variance of one, and then applies a learned scale
and shift to the activations. The normalized activations are then passed to the next layer in the network. The
batch normalization layer has two hyperparameters: the scale and shift parameters. These parameters are learned
during training and are used to rescale the normalized activations so that they have the desired distribution. Batch
normalization has several benefits, including improved stability and speed of training, reduced overfitting, and
improved generalization. By normalizing the inputs to each layer, batch normalization can help to reduce the
internal covariate shift, which can improve the stability of the training process. It can also help to reduce overfitting
by regularizing the activations in the network. Additionally, batch normalization can improve the generalization of
the network by normalizing the activations, which can help to reduce the dependence of the network on the
specifics of the training data [57].
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3.5 Loss function

As we mentioned before, loss function plays an important role in the neural network training as they are used to
measure the difference between the predictions made by the network and the true values. The loss function provides
an objective measure of the error in the network’s predictions and guides the optimization process during training. In
this section, we are going to analyze more this concept and to refer more in the categorical crossentropy loss functions
that has used in the simulations this thesis.

The loss function provides a scalar value that represents the error in the network’s predictions, and the goal of
the optimization process during training is to minimize this loss. There are many different types of loss functions,
including mean squared error, mean absolute error, cross-entropy, and hinge loss, among others. Each type of loss
function is suited to different types of problems and may be more or less appropriate for different applications [58].

Mean Squared Error (MSE) is a commonly used loss function that measures the average squared difference
between the predictions and the true values. MSE is often used for regression problems, where the goal is to predict
a continuous value and is given by:

MSE =
1

n

n∑
i=1

(
Yi − Ŷi

)2
(1)

where n is the number of samples, Yi is the true value for sample i and Ŷi is the predicted value for sample i [58].
Hinge Loss: Hinge loss is a loss function commonly used for support vector machines and is also used in some

deep learning models. Hinge loss measures the difference between the predictions and the true values, but penalizes
predictions that are not confident enough.

L(y, ŷ) =

N∑
i=0

(
max (0, 1− yi · ŷi)2

)
(2)

where y is the true label (1 for positive class, -1 for negative class) and ŷi is the predicted score (a continuous
value). Also, Hinge loss is used for binary classification problems and penalizes predictions that are not confident
enough. The hinge loss takes the value of 0 when the prediction is correct and confident (yi ∗ ŷi ¿ 1), and it takes
a positive value otherwise, proportional to the difference between the prediction and the true label. The goal of the
optimization process during training is to minimize the hinge loss, so as to make the predictions as accurate and
confident as possible [59].

Cross-Entropy Loss: The cross-entropy loss, also known as the categorical cross-entropy loss, is a common loss
function used for multi-class classification problems, where the goal is to predict a categorical label from multiple
possible classes. The cross-entropy loss measures the difference between the predicted probability distribution and the
true class label [61]. Cross-entropy loss is defined as the negative log-likelihood of the true class given the predicted
probabilities. For a single sample, the cross-entropy loss is given by:

Loss = −

output
size∑
i=1

yi · log ŷi (3)

where yi is a one-hot encoded vector representing the true class, ŷi is the predicted probability distribution for
the sample and log is the natural logarithm. The cross-entropy loss measures the difference between the predicted
probability distribution and the true class label. The loss is 0 when the predicted probability is 1 for the true class and
approaches infinity as the predicted probability decreases. This means that the optimization process during training is
guided towards assigning high probabilities to the true class and low probabilities to other classes [61]. In practice, the
predicted probabilities are usually obtained using a softmax activation function applied to the output of the network
Figure 14. The softmax function takes as input a vector of real-valued scores and returns a probability distribution
over the classes. The softmax function is defined as:

S (yi) =
eyi∑
j e
yj

(4)

where S(yi) is the predicted probability of the real outputs yi.
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Figure 14: Compute probabilities with Softmax

Figure 15: If an example belongs to a class it will have a target probability of 1 and all the others 0, in other words 1
is being assigned to the highest probability output that usually is computed by the softmax activation function.

In summary, the goal of the optimization process during training is to minimize the cross-entropy loss, so as to
make the predicted probabilities as close as possible to the true class label. Minimizing the cross-entropy loss ensures
that the network predicts high probabilities for the true class and low probabilities for other classes.

3.6 Optimizers

Optimizers are an essential component in the training of neural networks. T Optimizers are algorithms that perform
gradient-based optimization to update the network parameters. The gradient of the loss function with respect to the
network parameters represents the direction of steepest descent in the loss function. By updating the parameters in
the direction of the gradient, the optimizer attempts to minimize the loss function. There are many different types of
optimizers, each with its own strengths and weaknesses. Some of the most commonly used optimizers are [62]:

� Stochastic Gradient Descent (SGD): This is the simplest and most basic optimizer. It updates the parameters
by taking the gradient of the loss with respect to the parameters and subtracting a small multiple of the gradient
from the parameters. The learning rate determines the size of the update step.

� Momentum: Momentum optimizer builds on SGD by adding a momentum term. The momentum term helps
the optimizer overcome saddle points and converge faster in practice.

� Nesterov Accelerated Gradient (NAG): NAG is a variant of Momentum that uses a different approach to compute
the gradient update. It uses the gradient of the future position of the parameters instead of the gradient of the
current position, which results in improved convergence.

� Adagrad: Adagrad is an optimizer that adapts the learning rate for each parameter separately. The learning rate
for each parameter is updated based on the historical gradient information for that parameter, with parameters
with high gradient magnitude receiving smaller updates.

� Adadelta: Adadelta is an extension of Adagrad that replaces the accumulation of historical gradient information
with the accumulation of historical updates. This results in a more stable and efficient optimization process.

� RProp: RProp is a gradient-based optimizer that updates the parameters based on the sign of the gradient. The
learning rate for each parameter is updated independently and is limited to an interval.

� Adam: Adam is a gradient-based optimizer that combines the ideas of Momentum and RProp. It uses a moving
average of the gradient information to dynamically adapt the learning rate for each parameter.

The choice of optimizer depends on the specific problem and the type of network being used. In general, Adam is
a good default choice for most problems, but other optimizers may perform better in specific cases. It’s important to
experiment with different optimizers and learning rates to find the best combination for a particular problem.

23



Optimizers have several hyperparameters that control their behavior. The most important hyperparameter is the
learning rate, which determines the size of the update step. Other hyperparameters include the momentum factor for
Momentum and NAG, the decay rate for Adagrad and Adadelta, and the learning rate updates for RProp and Adam.

3.6.1 Adam optimizer

As in the previous sections, here we are going to analyze more the optimizer that we have used in this thesis i.e the
Adam optimizer.

Adam stands for Adaptive Moment Estimation and is a gradient-based optimization algorithm that is widely used
in deep learning. It was introduced in a 2014 paper by Kingma and Ba, and it has since become a popular default
choice for many deep learning tasks.

The Adam optimizer combines the ideas of Momentum optimization and RProp (Resilient Backpropagation)
optimization to dynamically adapt the learning rates of each parameter in the network. It uses two exponential
moving averages, one for the first moment (mean) of the gradients, and another for the second moment (uncentered
variance), to estimate the adaptive learning rates for each parameter [63].

Given a parameter w and its gradient g, the updates to the parameters are computed as follows [64]:

1. Initialize the exponential moving averages for the mean (m) and variance (v) of the gradients with 0.

2. For each time step t:

(a) Compute the gradient of the loss with respect to w i.e ∂L
∂wt

(b) Update the moving averages of the mean and variance of the gradients as:

mt = β1mt−1 + (1− β1)

[
∂L

∂wt

]
(1)

vt = β2vt−1 + (1− β2)

[
∂L

∂wt

]2
(2)

(c) Correct the bias in the moving averages:

m̂t =
mt

1− βt1
(3)

v̂t =
vt

1− βt2
(4)

(d) Update the parameters

wt+1 = wt − m̂t

(
α√
v̂t + ε

)
(5)

where:

� a is the learning rate, which controls the step size of the update.

� β1 and β2 are hyperparameters that control the decay rates of the moving averages.

� ε is a small constant that is added to the denominator to prevent division by zero.

� ∂L is the derivative of the Loss

� ∂Wt derivative of weights at time t

� wt weights at time t

� vt sum of square of past gradients i.e sum(∂L/∂Wt− 1) initially vt = 0

� mt is aggregate of gradients at time t initially, mt = 0.

The Adam optimizer has several advantages over other optimization algorithms. It is computationally efficient,
as it only requires computing moving averages and element-wise divisions. It is also well-suited for high-dimensional
problems, as the learning rates are adaptively adjusted for each parameter based on its historical gradient information.
Furthermore, Adam has been shown to perform well on a wide range of deep learning tasks and is a good default
choice for many problems. In the below Figure 16 we can see its comparative analysis among other popular optimizer
algorithms.
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Figure 16: Performance analysis of various popular optimization algorithm. We can see that Adam outperforms for
the MNIST dataset. (image source: https://www.geeksforgeeks.org/intuition-of-adam-optimizer/)

3.7 Data preprocessing - one-hot encoding

Data preprocessing is a crucial step in the training of neural networks, as it can greatly impact the performance of the
model. One important aspect of data preprocessing is transforming categorical variables into numerical representations
that can be used as input to the neural network. In multiclass classification problems, where the target variable has
more than two possible values, one-hot encoding is a common technique used to transform categorical variables into
numerical representations [65] and this technique we followed in this thesis.

One-hot encoding is a process of converting categorical data into a numerical form, where each category is
represented by a binary vector. In a multiclass classification problem, the categorical variable is represented by a
matrix of binary values, where each row corresponds to a unique category and each column corresponds to a unique
class. The binary values in the matrix indicate the presence or absence of a particular category within a particular
class [65].

For example, consider a multiclass classification problem where the target variable has three possible classes: ”dog”,
”cat”, and ”horse”. If the categorical variable has two possible categories, ”domestic” and ”wild”, the one-hot encoding
of the variable would look like this:
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# Class Domestic Wild
0 Dog 1 0
1 Cat 1 0
2 Horse 0 1

Table 1: One-hot encoding technique applied in multiclass classification problems.

In this representation, each class is represented by a unique binary vector, and each category is represented by a
unique column. The presence of a particular category within a particular class is indicated by a ”1” in the corresponding
cell, and the absence of the category is indicated by a ”0”.

One-hot encoding has several advantages for neural network training. Firstly, it eliminates the problem of ordering
or magnitude of the categorical variables, which can sometimes cause issues when using other encoding methods, such
as label encoding. Secondly, one-hot encoding provides a clear and concise representation of the categories and
classes, making it easy to interpret the results of the neural network.

However, there are also some limitations to one-hot encoding. Firstly, it can lead to an increase in the dimensionality
of the data, which can be computationally expensive and may cause overfitting. Secondly, one-hot encoding can lead
to sparse data representations, where most of the entries in the matrix are zero, which can cause problems for some
neural network algorithms. To address these limitations, various alternative encoding methods, such as embeddings
and ordinal encoding, have been developed.
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4 Hermite Polynomials

In this part, we describe and discuss some of the fundamental features of Hermite polynomials that represent the core
of this thesis. (for a more in-depth explanation of the theoretical foundation of Hermite polynomials, see section 7)
In addition, we will discuss some related works that have used Hermite (or other polynomial types such as Legendre)
polynomial as a potential activation function candidate within the structure of neural networks in order to improve
network performance (the same goal as our proposed structure, which is described analytically in Section 7).

4.1 Introduction

Hermite polynomials are a set of orthogonal polynomials that are commonly used in physics and engineering. They
are named after Charles Hermite and are defined as the solutions to the Hermite differential equation [66]:

H ′′(x)− 2xH ′(x) + 2nH(x) = 0 (1)

where H(x) is the Hermite polynomial of degree n, and x is the independent variable. The polynomials are

orthogonal with respect to the weight function e−x
2

.
The first few Hermite polynomials are:

H0(x) = 1

H1(x) = 2x

H2(x) = 4x22− 2

H3(x) = 8x33− 12x

H4(x) = 16x44− 48x22 + 12

(2)

Hermite polynomials have many important properties and applications in physics, quantum mechanics, and
engineering. They are used in the solution of the Schrödinger equation in quantum mechanics, and in the study
of harmonic oscillators. They also appear in the study of statistical mechanics and in the theory of Brownian motion
[67]. Some of the advantages of Hermite polynomials are [66]:

1. Orthogonality: Hermite polynomials are orthogonal with respect to the weight function e−x
2

, which means
that they satisfy the property: ∫

(Hn(x) Hm(x))e∧ (−x∧2) dx = 0 (3)

for n 6= m. This orthogonality property allows for easy calculation of integrals involving Hermite polynomials.

2. Completeness: Hermite polynomials form a complete set of functions, which means that any function that
satisfies the weight function and boundary conditions can be represented as a linear combination of Hermite
polynomials. This completeness property makes Hermite polynomials useful for solving differential equations,
such as the Schrödinger equation in quantum mechanics.

3. Recurrence relations: Hermite polynomials satisfy the simple recurrence relation:

Hn+1(x) = 2xHn(x)− 2nHn − 1(x), (4)

This recurrence relation allows to calculate the polynomials for any value of n, given the first few polynomials and
also gives the opportunity to apply computational algorithms (programming for loops) that contains Hermite
polynomials.

4. Symmetry properties: Hermite polynomials have symmetry properties that make them useful in solving
certain types of differential equations and in the study of statistical mechanics. Hermite polynomials of even
degree are even functions and Hermite polynomials of odd degree are odd functions. Hence, they can be used
to solve differential equations with these types of symmetry. For example, if a differential equation is symmetric
with respect to the x-axis, the solution can be expressed as a linear combination of even Hermite polynomials,
and if it is antisymmetric, the solution can be expressed as a linear combination of odd Hermite polynomials.
Also, Hermite polynomials are used in the study of statistical mechanics, and their symmetry properties are
useful in this field. For example, in the study of the harmonic oscillator, the symmetry properties of Hermite
polynomials are used to calculate the statistical properties of the system, such as the probability distribution
of the position and momentum of a particle. Furthermore, as we mentioned Hermite polynomials can be used
to solve partial differential equations (PDEs) with symmetry properties. For example, the heat equation and
the wave equation are symmetric with respect to the x-axis and therefore the solutions of these PDEs can be
represented in terms of even or odd Hermite polynomials. In quantum mechanics, the symmetry properties
of Hermite polynomials are used to classify the energy eigenstates of a harmonic oscillator used to determine
the parity of the energy eigenstates and the wave functions of the system [68]. Finally, in engineering Hermite
polynomials are used in control systems, signal processing, and numerical analysis for example for the design of
optimal filters, control laws and other algorithms. -¿ i have to insert more bibliography for these ..
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4.2 Related works

4.2.1 Liying Ma and K. Khorasani: ”Constructive feedforward neural networks
using Hermite polynomial activation functions”

In this study, a constructive one-hidden-layer (OHLs) network is described in which each hidden unit’s activation
function is a distinct polynomial. Specifically, structure-level and function-level adaptation strategies are used in the
creation of the network. Functional level adaptation ensures that the ”growing” or constructive network has separate
activation functions for each neuron, enabling it to capture the underlying input-output map more effectively. The
suggested activation functions are Hermite polynomials that are orthonormal. Extensive simulations reveal that the
proposed network outperforms other networks with identical sigmoidal activation characteristics [69]. In the below
Figure 17 the proposed neural network architecture is presented:

Figure 17: Structure of a constructive OHL-FNN that utilizes the orthonormal Hermite polynomials as its activation
functions for the hidden units.

In summary, the proposed FNN algorithm is contain the below four steps (for more details see [make reference]
p.5):

1. Initialize the network with one hidden layer and activation h0 (hermite zero order).

2. Train only the input-side weights of the nth node (hn−1 hermite activation).

3. Train the output-side weights of all hidden units.

4. Measure the performance on training dataset of the networks using the fraction of variance unexplained (FVU)
metric i.each

FV U =

∑P
j=1

(
ĝ
(
xj
)
− g

(
xj
))2∑P

j=1 (g (xj)− ḡ)
2

(1)

where g() is the function that the FNN is try to approximate, ĝ() is the estimated output after the training and
ḡ() is the mean value of g().

Authors of [69] implemented couple of simulations for regression and classification tasks (Cancer and two-category
) point out the outperforming performance of their algorithm.

4.2.2 Siniscalchi, Li, Lee:
Hermitian Polynomial for Speaker Adaptation of Connectionist Speech Recognition Systems

Automatic speech recognition (ASR) systems may lessen the normal mismatch between the training and test conditions
by using model modification approaches. This study investigates the issue of performance loss while switching
from speaker-dependent (SD) to speaker-independent (SI) circumstances for connectionist (or hybrid) hidden Markov
model/artificial neural network (HMM/ANN) systems in the context of big vocabulary continuous voice recognition
(LVCSR). Adapting hybrid HMM/ANN systems to a little quantity of adaption data has proved to be a challenging
process, which has impeded the widespread use of hybrid approaches in operational ASR systems. Consequently,
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addressing the crucial issue of speaker adaptation (SA) for hybrid HMM/ANN systems can have a significant impact
on the connectionist paradigm, which will play a significant role in the design of next-generation LVCSR in light of
the great success reported by deep neural networks—ANNs with many hidden layers that employ the pre-training
technique—on numerous speech tasks. Current adaptation strategies for ANNs based on injecting an adaptable linear
transformation network attached to either the input or output layer are ineffective, particularly when dealing with
a little quantity of adaptation data, such as a single adaptive utterance. This research proposes a unique way to
overcome these limitations and make it resilient to constrained adaptation resources. Instead of adjusting the network
weights, the hidden activation functions should be modified. This is made feasible with the use of Hermitian activation
functions. The efficacy of the suggested method is shown by experimental results on an LVCSR test in the below
Figure 18 [70].

Figure 18: Influence of the amount of adaptation data on the WER of the SA ASR system. The dashed line refers to
the Hermite-based ASR system, whereas the solid line is for the LIN system. The WER with zero adapted sentences
repre- sents the SI system performance.(source [70])

4.2.3 L. Ma and K. Khorasani
Constructive Hermite Polynomial Feedforward Neural Networks with Application to Facial
Expression Recognition

Since the 1970s, computer-based identification of human facial expressions has been an important topic of study.
Intelligent man-machine interaction is the ultimate objective. Recently, it has been shown that constructive One-Hidden-Layer
Feedforward Neural Networks (OHL-FNNs) are effective for face expression identification. The activation functions
of the hidden units in a FNN are generally the same sigmoidal functions. However, it has not been shown that the
adoption of the identical activation functions for all hidden units provides the best or most efficient network design.
In this study, a novel polynomial OHL-FNN for pattern recognition is suggested. As activation functions for the
concealed units, well-known Hermite polynomials will be employed. Each time a new hidden unit is to be added to
the network, the activation function of the hidden unit will be a Hermite polynomial whose order is raised by one.
The suggested approach is used to the facial expression identification issue by performing 2-D DCT on the complete
face picture and then feeding the obtained reduced 2-D DCT coefficients to the constructive network training. Also
highlighted are the benefits and limits of the constructive polynomial OHL-FNN for pattern recognition [71].
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Figure 19: OHL-FNN application for facial expression recognition.

4.2.4 Leif E. Peterson & Kirill V. Larin:
Hermite/Laguerre Neural Networks for Classification of Artificial Fingerprints From Optical
Coherence Tomography

In this article, authors categorized real and synthetic fingerprints based on optical coherence tomography images
using forward (FNN), Hermite (HNN), and Laguerre (LNN) neural networks. Using a self-organizing map (SOM)
after Gabor edge detection of optical coherence tomography (OCT) pictures of fingerprints and material surfaces
resulted in the greatest classification performance when compared to moments based on color, texture, and shape.
The FNN and HNN performed equally, however the LNN performed badly with a small number of hidden nodes, but
outperformed the FNN and HNN as the number of hidden nodes approach to n = 10 [72]. Simulation results are
shown below:

Figure 20: Classification performance (accuracy) for ten 10-fold cross validation as a function of the number of hidden
node in the hidden layer of FNN,HNN and LNN (source [72]).

4.2.5 S. Mall, and S. Chakraverty
Application of Legendre Neural Network for solving ordinary differential equations [11]

Using a single-layer Legendre Neural Network (LeNN) model, this research provides a novel way for tackling initial
value and boundary value issues. LeNN is an artificial neural network model that employs Legendre polynomials to
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extend the input pattern, hence eliminating the requirement for a hidden layer. The suggested method is evaluated
on nonlinear singular initial value problems, coupled ordinary differential equations, and boundary value issues.

The research utilizes the error backpropagation algorithm to update the network parameters (weights) and compares
the achieved results to those of current techniques. The results demonstrate that the suggested method is dependable
and in excellent accord with the current techniques. This study proposes a novel strategy for addressing starting and
boundary value issues that has the potential to be used in a number of contexts.

Figure 21: A single layer Legendre Neural Network (LeNN) model to solve differential equations (source [11]).

4.2.6 Y. Zhang, Y. Yin, D. Guo, X. Yu, and L. Xiao Cross-validation based weights and structure
determination of Chebyshev-polynomial neural networks for pattern classification [14]

This research offers a new form of neural network for pattern categorization dubbed a single-output Chebyshev-polynomial
feed-forward neural network (SOCPNN). This neural network type is then used as the foundation for a new multi-output
Chebyshev-polynomial feed-forward neural network (MOCPNN). The research illustrates that both the SOCPNN and
MOCPNN neural networks have a lower computational cost than the frequently used multi-layer perceptron (MLP)
neural network, while giving higher performance.

The research also presents two weight-and-structure-determination (WASD) algorithms, one for the SOCPNN
and one for the MOCPNN, which can efficiently and automatically determine the weights and structures of neural
networks. The algorithms are intended for pattern classification duties.

Furthermore the proposed SOCPNN and MOCPNN have been evaluated on many classification datasets from
the real world, both with and without the addition of noise. The findings demonstrate that the suggested neural
networks have a high degree of precision and that the MOCPNN is especially resilient in pattern categorization when
supplemented with the WASD algorithms. Overall, this research provides a novel method for pattern categorization
based on the neural networks SOCPNN and MOCPNN, which have reduced computational cost and greater performance
compared to MLPs.

4.2.7 G. E. Tsekouras, V. Trygonis, A. Maniatopoulos, A. Rigos, A. Chatzipavli, J. Tsimikas, N.
Mitianoudis, and A. F. Velegrakis
A Hermite neural network incorporating artificial bee colony optimization to model shoreline
realignment at a reef-fronted beach [10]

This research investigates the use of a novel neural network, the Hermite polynomial neural network, to predict
shoreline realignment along an urban beach that is fronted by a very uneven beachrock reef. The neural network
creates Hermite truncated polynomial series of linear combinations of input variables associated with reef morphology
and wave force. The output variable is a time series of coastline location captured with high spatial and temporal
precision by a coastal video monitoring system.

The study describes how the Hermite polynomial neural network may approximate with arbitrary precision any
continuous function specified on a compact set of the multidimensional Euclidean space. The research compares the
network to three other neural networks that have been tuned using various swarm intelligence-based approaches.
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The research demonstrates that the Hermite polynomial neural network with polynomial orders 3 and 4 can
efficiently manage the nonlinear effects imposed by the reef’s existence. According to established performance criteria
and a comprehensive parametric statistical analysis, the suggested network outperforms the other networks evaluated.
The research concludes by proposing that the effectiveness of the model may be enhanced by removing beach portions
behind reef inlets and/or certain large reef sections that bring substantial shoreline variability. Overall, this research
proposes a novel method for simulating shoreline realignment based on a Hermite polynomial neural network that can
manage the complexity of the uneven beachrock reef and produce reliable forecasts of shoreline location.

4.2.8 Wang, J., Chen, L., & Ng, C. W. W.
A New Class of Polynomial Activation Functions of Deep Learning for Precipitation Forecasting
[120]

Using polynomial activation functions to enhance precipitation forecasting using deep learning models is the subject
of this research. The authors suggest that despite the success of deep learning models in a variety of applications,
they primarily operate in an image processing way and disregard the nature of physical systems. The authors suggest
employing polynomial activation functions for neural networks, which have been used in theory-driven models for
numerical approximation and modeling of dynamic systems. They caution, however, that polynomials are too brittle
for stable training and may generate severe data flow explosion issues. To solve these concerns, they use Chebyshev
polynomials and a novel normalizing technique known as Range Norm to improve the robustness of training. Using
synthetic datasets and a summer precipitation prediction assignment, the performance of the model is confirmed,
demonstrating that polynomial activation functions may be a helpful tool for deep learning in modeling complicated
physical systems and for automated theoretical physics analysis.

4.2.9 Siniscalchi, S. M., & Salerno, V. M
Adaptation to new microphones using artificial neural networks with trainable activation functions
[121]

This study investigates several strategies for adjusting connection automated speech recognition (ASR) systems to
microphone-specific hidden unit contributions. Due to microphone mismatch in the training and test data, there are
variations in the speech spectrum that need this modification. The authors examine four different schemes for adapting
the model, including the use of Hermite activation functions, the introduction of bias and slope parameters in the
sigmoid activation functions, the injection of an amplitude parameter specific to each sigmoid unit, and a combination
of the latter two. Important for large-scale online deployment, these adaption techniques enable the modified model
to be kept in a little amount of storage space. Experiments demonstrate that the suggested strategies improve word
mistake rates on the standard Spoke 6 task of the Wall Street Journal corpus relative to unadapted ASR systems. The
recommended adaptation procedures are also successful when just one phrase is provided for adaption. The authors
remark that the suggested strategies outperform basic multicondition training and are similar to traditional linear
regression-based methods while using up to 15 orders of magnitude less parameters.

4.2.10 Hsu, C. F.
Intelligent control of chaotic systems via self-organizing Hermite-polynomial-based neural
network [122]

This article describes a new control system called the adaptive self-organizing Hermite-polynomial-based neural control
(ASHNC) system. The system is composed of two parts: a neural controller and a supervisor compensator. The neural
controller uses a self-organizing Hermite-polynomial-based neural network (SHNN) to approximate an ideal feedback
controller. The SHNN uses a self-organizing approach that is effective and has high convergence precision and fast
convergence time. The supervisor compensator is designed to eliminate the approximation error between the neural
controller and the ideal feedback controller without chattering phenomena. Additionally, a proportional-integral (PI)
type adaptation law is derived based on the Lyapunov stability theory to guarantee system stability and speed up
convergence of the tracking error. The proposed ASHNC system is then applied to a chaotic system and simulation
results demonstrate favorable control performance. Overall, the ASHNC system appears to be an effective method for
controlling complex systems using a combination of neural network and control theory techniques.

4.2.11 Panigrahi, A., Shetty, A., & Goyal, N.,Effect of activation functions on the training of overparametrized
neural nets [123]

This article analyzes the effect of activation functions on the training of 2-layer neural networks that are significantly
overparameterized. With adequate hyperparameter settings, overparameterized neural networks may fast achieve
modest training error, according to this text. Subsequent publications have proven this assumption theoretically,
however these conclusions either require that the activation function is ReLU or rely on the least eigenvalue of
a particular Gram matrix based on the data, initialization, and activation function. On the empirical side, the
paragraph states that there are a variety of different activation functions that appear to perform better than ReLU
in some contexts, but their effect on training remains unclear. This research presents theoretical findings about the
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impact of activation functions on the training of substantially overparameterized two-layer neural networks. The
smoothness or roughness of an activation function is the determining factor in its performance. Under minimum data
assumptions, all eigenvalues of the associated Gram matrix are big for nonsmooth activations such as ReLU, SELU,
and ELU. With smooth activations like tanh, swish, and polynomials, the issue is more complicated, and the lowest
eigenvalue of the Gram matrix may be tiny, resulting in delayed training if the subspace encompassed by the data has
a small dimension. Nonetheless, the eigenvalues are enormous if the dimension is large and the data satisfy another
moderate criterion. The findings have several applications and expansions.
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5 Classification in machine learning

5.1 Introduction

Classification is a supervised machine learning task in which the objective is to predict a categorical label or class from
a set of input characteristics. It is one of the most prevalent and commonly used techniques in the field of machine
learning and has a variety of practical applications, such as picture categorization, email filtering, and credit card
fraud detection. [73].

Classification algorithms take a set of labeled training data as input, where the input features and corresponding
class labels are known. The algorithm then uses this training data to learn a mapping between the input features and
the class labels, and can then be used to make predictions on unseen data. The accuracy of the predictions can be
evaluated using metrics such as accuracy, precision, recall, and F1-score [73,74].

There are several types of classification algorithms, including linear classifiers, decision trees, k-nearest neighbors,
Naive Bayes, and artificial neural networks. Each type of algorithm has its own strengths and weaknesses, and the
choice of algorithm depends on the problem at hand and the type of data being used [75,77].

Linear classifiers, such as Logistic Regression, are simple and fast algorithms that are used for binary classification
problems. They model the relationship between the input features and the class label as a linear combination, and
the goal is to find the coefficients of the linear model that best separate the two classes.

Decision trees are another popular type of classification algorithm. They work by recursively splitting the data
into smaller sub-groups based on the values of the input features. The final result of the algorithm is a tree-like
structure, where each node represents a decision based on the values of one or more input features, and the leaves
represent the predicted class labels. Decision trees are simple to understand and interpret, but can be prone to
overfitting if the tree is too complex.

K-nearest neighbors is a non-parametric classification algorithm that makes predictions based on the class labels
of the k-nearest neighbors in the training data. It is a simple and flexible algorithm that is particularly useful for
complex data with non-linear relationships between the input features and class labels.

Naive Bayes is a probabilistic algorithm that makes predictions based on Bayes’ theorem, which states that the
probability of a class label given the input features is equal to the product of the prior probability of the class label and
the likelihood of the input features given the class label. Naive Bayes is a fast and simple algorithm that is particularly
useful for text classification problems.

Artificial neural networks are a type of machine learning algorithm that are inspired by the structure and
function of the human brain. They consist of interconnected nodes, or artificial neurons, that process and transmit
information. Neural networks can be used for both binary and multi-class classification problems and are particularly
useful for complex data with non-linear relationships between the input features and class labels.

Overall, classification is a fundamental problem in machine learning and is used in a wide range of applications.
The choice of classification algorithm depends on the problem at hand and the type of data being used. Whether you
are using a simple linear classifier or a complex neural network, the goal is to find the best model for your data that
accurately predicts the class labels of unseen data.

5.2 Artificial Neural Networks in classification

This thesis is centered on neural networks, hence in this part we will examine in depth their role in classification
problems [76].

Neural networks have been used in a wide range of applications, including image classification, speech recognition,
and natural language processing, and have been shown to be particularly effective in complex and high-dimensional
classification tasks.

Neural networks can be used for both binary and multi-class classification problems. In binary classification, the
goal is to predict one of two class labels, while in multi-class classification, the goal is to predict one of multiple class
labels. The output of the neural network is a probability distribution over the possible class labels, and the predicted
class label is the one with the highest probability.

There are several types of neural network architectures that can be used for classification tasks, including feedforward
neural networks, convolutional neural networks, and recurrent neural networks. Each type of architecture is designed
to capture different patterns in the data, and the choice of architecture depends on the problem at hand and the type
of data being used. Feedforward neural networks has been analyzed in the Section 3.

Convolutional neural networks, also known as convnets, are a type of neural network architecture that are
particularly well-suited for image classification tasks. They are designed to capture local patterns in the image data,
such as edges, corners, and textures, and are used to learn a hierarchy of features that can be used to make accurate
predictions. Convnets consist of multiple layers, including convolutional layers, pooling layers, and fully connected
layers, and are trained using a variant of backpropagation known as stochastic gradient descent.

Recurrent neural networks, also known as RNNs, are a type of neural network architecture that are particularly
well-suited for sequential data, such as speech signals and text. T hey are designed to capture long-term dependencies
in the data and are used to learn a representation of the input sequence that can be used to make accurate predictions.
RNNs consist of a hidden state that is updated at each time step, and the final hidden state is used to make the
prediction.
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Neural networks are useful for classification tasks because they can learn complex non-linear relationships between
inputs and outputs, which makes them suitable for solving problems where traditional algorithms struggle. In
classification tasks, the inputs are usually high-dimensional, which means that there are many variables that need
to be taken into consideration. Neural networks can handle this complexity by breaking down the inputs into a series
of transformations that lead to a final output, using multiple hidden layers between the input and output layers. Each
hidden layer can learn different features that are relevant to the classification task, and the network can then use these
features to make its predictions. Additionally, neural networks have the ability to learn from large amounts of data,
which makes them well-suited for tasks where there is a lot of training data available. This ability to learn from data
and generalize to new examples makes neural networks a powerful tool for solving classification tasks.

Let’s consider the below example of image classification, where the task is to classify an image as either ”dog” or
”cat”.

In this scenario, the input to the neural network would be the pixel values of the image, which could be considered
as high-dimensional data (for example, a 256x256 image would have 256x256x3 = 196608 input variables, where 3
is the number of color channels). A traditional algorithm might struggle to find a good decision boundary in this
high-dimensional space.

On the other hand, a neural network can break down the image into a series of transformations, where each hidden
layer can learn to recognize different features relevant to the task. For example, the first hidden layer might learn to
recognize edges and simple shapes, the second layer might learn to recognize more complex shapes such as the body
and legs of an animal, and the final layer might l earn to recognize the head and face of an animal.

The network can then use these features to make its final prediction, for example, by using the learned features to
calculate a probability that the image belongs to each class. The network can also continue to learn and improve its
accuracy as it is trained on more and more examples.

This ability to learn non-linear relationships and generalize to new examples makes neural networks a powerful tool
for image classification, and similar approaches can be applied to other classification tasks such as text classification
and speech recognition.

Let’s consider another example of a binary classification task, this time in the field of medical diagnosis. The task
is to predict whether a patient has a certain disease based on their medical history and test results.

In this scenario, the input variables to the neural network could be the patient’s age, gender, weight, blood pressure,
and test results for various markers associated with the disease. Similar to the previous example, a traditional algorithm
might struggle to find a good decision boundary in this high-dimensional space.

A neural network, on the other hand, can learn non-linear relationships between the inputs and the disease status.
For example, the network might learn that t he disease is more likely to occur in older patients and in those with
high blood pressure, but that the disease is less likely to occur in patients who are female or have a low weight. The
network can also learn to weigh the importance of each input variable, for example, finding that blood pressure is a
stronger predictor of the disease than weight.

By learning these non-linear relationships, the neural network can make highly accurate predictions, even in cases
where the relationships between the inputs and the disease status are complex and not easily modeled by traditional
algorithms. This ability to learn from data makes neural networks a useful tool for medical diagnosis, and similar
approaches can be applied to other binary classification tasks such as fraud detection and customer churn prediction.

We have to mention that there are several other advantages of neural networks in classification beyond handling
non-linearity between inputs and outputs such as:

� Scalability: Neural networks can handle large amounts of data and can easily scale to more inputs and hidden
layers as needed, making them well-suited for problems with high-dimensional inputs.

� Flexibility: Neural networks can be used for a wide variety of classification tasks, from image and text
classification to speech recognition and medical diagnosis.

� Automated feature extraction: Neural networks can automatically extract relevant features from the input
data, without the need for manual feature engineering. This makes them well-suited for problems where it is
difficult to manually design good features.

� Robustness to noise: Neural networks can be trained using techniques such as dropout and early stopping to
make them robust to noise and overfitting, even when there is a large amount of training data.

� Transfer learning: Pretrained neural networks can be fine-tuned on smaller datasets to quickly solve new
classification tasks, allowing organizations to leverage existing models and training data to solve new problems
with less effort.

Overall, the combination of these advantages makes neural networks a powerful tool for solving a wide range of
classification tasks, and they continue to be a popular choice for practitioners in many fields.
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5.3 Multiclass Classification 1

Multiclass classification is a type of supervised learning problem in which the target variable or output variable has
more than two class labels. This means that instead of just two possible outcomes (e.g., positive or negative), there
are multiple classes or categories that the input data can belong to. For example, classifying a given email as spam,
important, or urgent, recognizing different species of animals, or assigning a movie to a genre (action, romance, comedy,
etc.).

Advantages of using multiclass classification over binary classification are:

� More nuanced predictions: In binary classification, the output is limited to two categories, which may not
accurately reflect the complexity of the problem at hand. In contrast, multiclass classification can predict one
of multiple classes, providing a more nuanced and comprehensive understanding of the data.

� Wider range of problems: Binary classification is limited to problems where the target variable has only two
possible outcomes. However, many real-world problems involve more than two categories (such as classifying a
given email as spam, important, or urgent) In such cases, multiclass classification is a more appropriate choice.

� Improved representativeness: Many real-world problems involve more than two categories. For example,
a study might classify patients into multiple disease categories based on symptoms, risk factors, and other
characteristics. By using multiclass classification, the model can better represent the true structure of the
problem and produce more accurate predictions.

� Better handling of class imbalance: Class imbalance is a common problem in classification where one class
has significantly more samples than the other. In binary classification, this can lead to biased predictions.
However, in multiclass classification, the imbalance can be distributed among multiple classes, reducing the
impact on the predictions.

� Enhanced interpretability: In binary classification, it is often difficult to understand the reasons behind
the predictions made by the model. However, in multiclass classification, the model can provide insights into
which features or combinations of features are most important for each class, making it easier to understand the
decision-making process and identify areas for improvement.

There are several techniques that are commonly used for multiclass classification:

� One-vs-all (also known as one-vs-rest) technique: This is a popular technique for solving multiclass classification
problems. In this approach, a separate binary classifier is trained for each class, and the class that gives the
highest predicted probability is selected as the final prediction. For example, if there are three classes, A, B, and
C, three binary classifiers will be trained, one for each pairwise comparison: class A vs. classes B and C, class B
vs. classes A and C, and class C vs. classes A and B. The class with the highest predicted probability for each
sample is selected as the final prediction.

� Softmax Regression (also known as multinomial logistic regression): Softmax regression is another technique
for solving multiclass classification problems. In this approach, a single model is trained to predict the probabilities
of all classes, and the class with the highest probability is selected as the final prediction. Softmax regression
uses the softmax function to calculate the probabilities of all classes, ensuring that the probabilities sum up to
1.

� Decision Trees and Random Forests: Decision trees and random forests are popular algorithms for solving
multiclass classification problems. In decision trees, the target variable is partitioned based on the values of the
input variables. The resulting tree structure is used to make predictions for new samples. Random forests are
an extension of decision trees, where multiple trees are trained and combined to make predictions.

� Neural Networks: Neural networks can also be used for multiclass classification problems. They are particularly
well-suited for complex, non-linear problems and can handle large amounts of data. Multi-layer perceptron
(MLP) is a popular neural network architecture for multiclass classification. We used neural networks along
with softmax function to perform multiclass classification tasks in the proposed MLP architecture (24).

� Support Vector Machines (SVMs): SVMs are another popular algorithm for solving multiclass classification
problems. In SVMs, the goal is to find a hyperplane that separates the data into different classes. In multiclass
classification, the one-vs-one approach is often used, where separate SVMs are trained for each pairwise comparison,
and the class with the highest predicted probability is selected as the final prediction.

The choice of technique for a particular problem depends on the nature of the problem, the size and quality of
the data, and computational resources available. Some techniques may perform better for certain problems or with
certain types of data, while others may be more computationally efficient. It is important to evaluate the performance
of different techniques and select the one that provides the best results for a specific problem.

177.Aly, M. (2005). Survey on multiclass classification methods. Neural Netw, 19(1-9), 2.
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6 Machine Learning in practice

Machine learning is a rapidly growing field in computer science that allows computer systems to improve their
performance on a task through experience. To help build and train machine learning models, various frameworks have
been developed. These frameworks provide pre-built functions and libraries that can be utilized for a range of tasks,
from data preprocessing to model training and deployment. There are several popular machine learning frameworks,
each with their own strengths and weaknesses. Some of the most well-known frameworks include TensorFlow, PyTorch,
and scikit-learn. For our implementations we used TensorFlow and scikit-learn. Also we used the keras API for building
deep learning models.

6.1 TensorFlow

TensorFlow is an open-source software library for machine learning and artificial intelligence. It was developed by the
Google Brain team and is now maintained by the TensorFlow organization. TensorFlow provides a comprehensive
platform for building and deploying machine learning models. The philosophy behind TensorFlow is to make it easier
for developers to build and deploy machine learning models. To achieve this goal, TensorFlow has a number of key
features that set it apart from other machine learning frameworks [78,79].

1. TensorFlow uses a computational graph to represent and execute machine learning models. This allows
developers to build models by defining a series of operations and transformations that data will undergo. The
computational graph can then be executed on a variety of hardware, including CPUs and GPUs, making it
highly scalable and flexible. More specifically, TensorFlow uses a directed acyclic graph (DAG) to represent a
machine learning model. Nodes in the graph represent mathematical operations, while edges represent the flow
of data between operations. This allows TensorFlow to easily represent complex models, and makes it easier to
visualize and debug them [79].

2. TensorFlow provides a range of tools for visualizing and debugging machine learning models, including
TensorBoard. This allows developers to monitor the training process, identify performance bottlenecks, and
make improvements to their models [79].

3. TensorFlow has a large and active community of developers and users, who contribute to the development of
the library and provide support to one another. This makes it easier for developers to find solutions to problems,
share best practices, and stay up-to-date with the latest developments in the field [80].

4. Data Flow: TensorFlow uses a data flow paradigm, where data is passed through the graph of operations, from
input to output. This allows TensorFlow to efficiently handle large amounts of data, and parallelize computations
across multiple devices, such as GPUs and TPUs [79].

5. Tensor: In TensorFlow, all data is represented as tensors, multi-dimensional arrays that can be processed by
the computational graph. This makes it easy to perform mathematical operations on data, and to automatically
differentiate tensors in order to perform gradient-based optimization [79].

6. Auto Differentiation: TensorFlow provides an automatic differentiation engine, which can automatically
calculate the gradients of a computational graph with respect to its inputs. This allows developers to build
machine learning models using gradient-based optimization algorithms, such as stochastic gradient descent
(SGD), without having to manually calculate gradients [79].

7. Model Deployment: TensorFlow provides a range of tools for deploying machine learning models in a variety of
environments, including web services, mobile devices, and edge devices. TensorFlow also supports model export
to other platforms, such as TensorFlow Lite for mobile devices, and TensorFlow.js for web browsers [81,82].

8. High-level APIs: TensorFlow provides high-level APIs for building and training machine learning models, such
as Keras and Estimators. These APIs make it easier to get started with TensorFlow, and provide a convenient
and intuitive interface for building and training models. In this thesis we used the keras API [83].

9. Eager Execution: TensorFlow provides an eager execution mode, which allows developers to execute operations
immediately as they are defined, rather than building a computational graph. This makes it easier to debug
models, and provides a more intuitive interface for development [84].

6.2 Keras

Keras is a high-level deep learning API written in Python that provides a convenient and user-friendly interface for
building and training deep learning models. It was developed to make it easier for developers to get started with deep
learning, and to provide a simplified interface for building and training complex models [85].

Keras was initially developed as a standalone deep learning library, but it was later integrated into TensorFlow as
an official high-level API. This integration allowed us to leverage the power and scalability of TensorFlow while still
enjoying the simplicity and ease of use of Keras [85].
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When using Keras with TensorFlow, the underlying TensorFlow engine is used to perform the computational heavy
lifting, while the Keras API provides a higher-level interface for building and training models. This makes it easier
for developers to quickly build and experiment with different model architectures, without having to deal with the
low-level details of TensorFlow [85].

Leveraging the simplicity of the keras API we afford to create a new class that implements the idea of the Dense
Hermite Polynomial Layer with Shared Weights. (more details on the section ??? make a section for it).

Some of the key technical aspects of Keras that are:

1. Model Definition: Keras provides a simple and intuitive interface for defining deep learning models. Models
can be defined using a sequence of layers, where each layer represents a transformation of the input data. Layers
can be stacked on top of each other to build up more complex models [86].

2. Layer Abstraction: Keras provides a number of pre-defined layer types, such as dense, convolutional, recurrent,
and pooling layers. These layer types abstract away the underlying mathematical operations, making it easier
to build complex models without having to manually write low-level code [87].

3. Backend Engine: Keras provides a backend engine, which can be either TensorFlow, Theano, or CNTK. The
backend engine is responsible for executing the operations defined in the model, and for handling the underlying
computations. By using a backend engine, Keras allows developers to leverage the performance and scalability
of existing deep learning libraries, such as TensorFlow, while still using a simple and intuitive interface [85].

4. Model Compilation: Once a model is defined in Keras, it must be compiled before it can be trained. During
compilation, the backend engine is used to compile the model into a set of executable operations, and to configure
the optimizer and loss function that will be used for training [88].

5. Training and Evaluation: Keras provides a simple and flexible interface for training and evaluating deep
learning models. Models can be trained using a variety of optimization algorithms, such as stochastic gradient
descent (SGD), Adam, and RMSprop. During training, the backend engine is used to perform the computations
and update the model parameters. Keras also provides a range of evaluation metrics, such as accuracy, precision,
recall, and F1-score, which can be used to assess the performance of a trained model [89].

6. Model Saving and Loading: Keras allows developers to save trained models to disk, and to load them back
into memory for further use. This makes it easy to save the state of a trained model, and to continue training
it later [90].

7. Pre-trained Models: Keras provides a range of pre-trained models that can be used as a starting point for
building new models. These models have already been trained on large datasets, and can be fine-tuned on a new
dataset, or used as a feature extractor for transfer learning [91].

6.3 Weka

Weka is a popular open-source machine learning software written in Java that was developed at the University of
Waikato in New Zealand. It provides a comprehensive set of tools for data preprocessing, classification, regression,
clustering, association rule mining, and visualization [92].

One of the main advantages of Weka is its user-friendly interface and graphical user interface (GUI). This makes it
easy for users with little or no programming experience to use and explore the software. Additionally, Weka provides an
extensive library of algorithms, including popular algorithms for classification, regression, clustering, and association
rule mining. This makes it easy to find and use the right algorithm for a particular problem [93].

Weka also provides a number of tools for evaluating the performance of machine learning models, including
cross-validation, confusion matrices, receiver operating characteristic (ROC) curves, and lift charts. This makes it
easy to compare the performance of different algorithms and select the best one for a particular problem [94].

Another advantage of Weka is its integration with other tools and platforms. Weka can be used as a standalone
software, or it can be integrated with other software, such as RapidMiner and KNIME, to create more advanced
workflows. Additionally, Weka can be used from within other programming languages, such as Java, R, and Python,
making it easy to incorporate machine learning algorithms into larger projects [95].

Weka also provides a number of preprocessing tools, including data cleaning and normalization, missing value
imputation, feature selection, and dimensionality reduction. This makes it easy to prepare data for analysis and
improve the performance of machine learning algorithms [96].

In this thesis, we used the Weka software to compare the classification results. that produced by the already
implemented algorithms DFNN, Decision Stump, Random Tree and J48 inside Weka, with the results obtained by our
proposed feedforward neural network structure.
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Figure 22: Example GUI interface inside the Weka software
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7 Proposed Architecture:
Deep Feedforward Neural Network Classifier with Polynomial Layer
and Shared Weights

This section contains the main research work of this master thesis that has been accepted and presented in the 4th

International Conference on Advances in Signal Processing and Artificial Intelligence (ASPAI 2022), Corfu, Greece,
October 19-21, 2022.

7.1 Introduction

Deep feedforward neural networks (DFNNs) have been exercised as effective tools in dealing with a large variety of
application frameworks [97-100]. Their simple structure provides the advantage of adopting a wide range of learning
mechanisms. Truong et al [97] employed a multi-objective evolutionary computation algorithm to train a DFNN and
use it to resolve problems related to the optimization of graded beams under static loads and free vibration. Cardoso et
al [101] implemented dimensionality reduction mechanisms to study data related to diffuse lung diseases and designed
a DFNN for improving the classification accuracy of such kind of data. Chen et al [102] expanded the connections
of tree skeletons from hierarchical latent tree models in order to generate an unsupervised training mechanism for
the effective development and application of typical DFNNs. In [103], a Gabor convolutional neural network able
to perform feature extraction was concatenated with a DFNN that encompassed several fully connected layers to
further improve the classification accuracy. In [104], a learning strategy for DFNNs was proposed, which was based on
combining the tabu evolutionary computation scheme with a variant of the gradient descent optimization approach.

To enhance the ability of a neural network in effectively dealing with highly nonlinear data, many scholars have
used polynomials activation functions, yielding the so called polynomial neural networks (PNNs) [105-107]. Inserting
polynomial activation functions into the network’s design process constitutes an effective way to approximate the
input output relationships because those functions possess high-order representation capabilities [108-111]. So far,
many different types of polynomials have been embedded in the design process of neural networks uch as, Hermite
polynomials [105, 106], Legendre polynomials [107, 108], and Chebyshev polynomials [109, 110]. PNNs have been
considered as trustworthy tools for regression and classification problems, spanning over a wide range of applications
related to coastal engineering [106], differential equations [107, 109], energy saving [108], pattern classification [110],
medical applications [111, 112], etc.

In [105], a feedforward PNN with one hidden layer was designed, which admitted linear combinations of the input
variables and inferred the output in terms of Hermite polynomials activation functions. In [108], the aforementioned
linear combinations were normalized within the interval [−1, 1] and fed into Legendre polynomial activation functions.
An implementation problem related to the above methods is that each linear combination enters one distinct polynomial
thus yielding non-exact series expansions of each linear combination thus, compromising the network’s efficiency. In
[111, 112] a stacked network structures was used to design deep polynomial networks for medical image processing.
The difficulty associated with that strategy is that as the number of layers increases the polynomial orders of the input
variables also increase. This might result in high computational complexity, while it needs careful design to avoid
overfitting problems. Misra et al [113] developed PNNs in terms of the well-known Kolmogorov-Gabor polynomials.
The same polynomials were employed in [114, 115] to develop neuro-fuzzy networks. However, the use of such kind of
polynomials acts to significantly increase the number of the synaptic weights thus, compromising the computational
complexity of the resulting network.

In this paper, a polynomial DFNN is developed, which encompasses several fully connected layers concatenated
with a polynomial layer that includes activations functions represented by Hermite polynomials. Hermite polynomials
are orthogonal, and they been acknowledged as effective framework to cope with highly nonlinear data [116]. Moreover,
they possess certain advantages over other orthogonal polynomials such as the Legendre or Chebyshev polynomials.
For example, the Hermite polynomials are orthogonal over the whole set of real numbers, whereas the Chebyshev
and Legendre are orthogonal in the interval [−1, 1] [116]. Thus, the usage of the latter in designing neural networks
requires a normalization process that results in constrained optimization mechanisms [108]. To alleviate the problems
discussed in the previous paragraph, the structure of the proposed network follows two basic design principles. First,
contrary to the methods in [105, 108], the polynomial layer generates exact truncated Hermite polynomial series
for each one of its inputs. Second, each input entering the layer is connected with several polynomial nodes using
shared synaptic weights. Thus, contrary to the approaches in [113-115], the resulting number of design parameters lies
within acceptable levels. Finally, comparative experimental analysis based of inference statistics verifies the improved
performance of the proposed network.

The following subsections are synthesized as follow. Section 7.2 provides the detailed theoretical analysis of the
proposed network. The experimental study is described in Section 7.3. Finally, the paper concludes in Section 7.4.

7.2 The proposed network

The proposed deep feedforward neural network consists of several fully connected (i.e., dense) layers followed by a
polynomial layer that generates a number of truncated Hermite polynomial series, which are fed into the output layer.
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In what follows, we first describe some properties of the Hermite polynomials providing the nomenclature used in this
paper, also. Then, the detailed presentation of the proposed network takes place along with the relative analysis.

The Hermite polynomials are orthogonal satisfying the subsequent differential equation [116]:

Hn(x) = (−1)nex
2
d
(
e−x

2
)

dx
(1)

where n defines the polynomial order and x ∈ R. The orthogonality of Hermite polynomials is sustained over the
set (−∞,+∞) having as weight the quantity e−x

2

〈Hn(x), Hm(x)〉 =

{
2nn!
√
π, if n = m

0, otherwise
(2)

where 〈 , 〉 stands for the inner product operation. The zero and first order polynomials are equal to H0(x) = 1
and H1(x) = 2x, respectively. As such, any Hermite polynomial of order n ≥ 2 is calculated in terms of the next
recurrence relation,

Hn(x) = 2xHn−1(x)− 2(n− 1)Hn−2(x) (3)

It can be easily shown that Pn(x) can be described as [10]:

Hn(x) =

n∑
k=0

φknx
k (4)

with

φkn =

{
2φn−1,k−1 − (k + 1)φn−1,k+1, if k > 0
−φn−1,k+1, if k = 0

(5)

where φ00 = 1, φ10 = 0 and φ11 = 2. The overall structure of the proposed network is illustrated in Fig. 1.
Specifically, it consists of the input layer, L dense hidden layers and one polynomial layer that feeds the output layer.
The detailed functionality of the polynomial layers and its connection to the Lth layer and the output layer is depicted
in Fig. 2.The input layer admits p variables, which come in the form of the vector x=[x1, x2, . . . , xp]

T ∈ Rp. The first
layer includes c1 nodes.

The corresponding bias vector is defined as:

b(1) =
[
b
(1)
1 b

(1)
2 . . . b

(1)
c1

]T
(6)

and the synaptic weight vectors as:

w
(1)
i1

=
[
w

(1)
i1,1

, w
(1)
i1,2

, . . . , w
(1)
i1,p

]T
(7)

with i1 = 1, 2, . . . , c1.The layer’s output g(1) : Rp → Rc1 comes in the form:

g(1)(x) =
[
g
(1)
1 (x), g

(1)
2 (x), . . . , g(1)c1 (x)

]T
(8)

with g
(1)
i1

: Rp → R

g
(1)
i1

(x) = g
(1)
i1

(
w

(1)T
i1

x + b
(1)
i1

)
(9)

The layer `(` = 1, 2, . . . , L) encompasses c` hidden nodes. The bias and the synaptic weights vectors associated
with that layer are defined as

b(`) =
[
b
(`)
1 , b

(`)
2 , . . . , b(`)c`

]T
(10)

and

w
(`)
i`

=
[
w

(`)
i`,1

, w
(`)
i`,2

, . . . , w
(`)
i`,c`−1

]T
(11)

with i` = 1, 2, . . . , c`, thus resulting in the following weight matrix

W (`) =
[
w

(`)T
1 ,w

(`)T
2 , . . . ,w(`)T

c`

]T
(12)

The output of the layer g(`) : Rc`−1 → Rc` is described by the next vector-based form:
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g(`)(x) =
[
g
(`)
1 (x), g

(`)
2 (x) . . . , g(`)c` (x)

]T
(13)

In (13) each element is defined as:

g
(`)
i`

(x) = g
(`)
i`

(
w

(`)T
i`

g(`−1)(x) + b
(`)
i`

)
(14)

with g
(`)
i`

: Rc`−1 → R.
The interaction between the layer L and the output layer is defined in terms of the polynomial layer P, the basic

structure of which is depicted in Fig. 2. The main purpose of using the polynomial layer is to generate truncated
Hermite polynomial series of linear combinations of the Lth layer’s output vector g(L)(x). To accomplish that task,
the polynomial layer encompasses d groups of nodes, each of which includes n+1 nodes, where the activation function
of the first node is the Hermite polynomial of 0 order, the activation function of the second node is the Hermite
polynomial of order 1, and finally the activation function of the n+1-th node is the Hermite polynomial of order n
of the aforementioned linear combinations.Thus, in total, the layer contains d(n + 1) polynomial nodes, defined as
follows:

G
(P )
1 =

{
g
(P )
1 (x), . . . , g

(P )
n+1(x)

}
(15)

G
(P )
iP

=
{
g
(P )
(iP−1)(n+1)+1(x), . . . , g

(P )
iP (n+1)(x)

}
(16)

G
(P )
d =

{
g
(P )
(d−1)(n+1)+1(x), . . . , g

(P )
d(n+1)(x)

}
(17)

The bias vector and the synaptic weight matrix associated with the polynomial layer are written as:

b(P ) =
[
b
(P )
1 b

(P )
2 . . . b

(P )
d

]T
(18)

W (P ) =
[
w

(P )T
1 ,w

(P )T
2 , . . . ,w

(P )T
d

]T
(19)

where:

w
(P )
iP

=
[
w

(P )
iP ,1

, w
(P )
iP ,2

, . . . , w
(P )
iP ,cL

]T
(iP = 1, 2, . . . , d) (20)

As such, the above-mentioned linear combinations of the Lth layer’s outputs are described as indicated next

z
(P )
iP

(x) = w
(P )T
iP

gL(x) + b
(P )
iP

(21)

with iP = 1, 2, . . . , d and the activation functions for the iP -th group of nodes, given in equations (15)- (17), are
as follows:

g
(P )
t (x) =
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H0

(
z
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)
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H1

(
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(x)
)
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· · ·
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(
z
(P )
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(x)
)
, if t = iP (n+ 1)

(22)

where Hv

(
z
(p)
iP

(x)
)

, for v = 0, 1, . . . , n are calculated in equations (4) and (5). A basic property of the polynomial

layer is that the synaptic weights are shared between the polynomial nodes that belong to the same group. Indeed,
the linear combination in eq. (21) can be rewritten as:

z
(P )
iP

(x) =

cL∑
iL=1

w
(P )
ip,iL

g
(L)
iL

(x) + b
(P )
iP

(23)

Thus, the synaptic weight associated with the activation function g
(L)
iL

(x) (iL = 1, 2, . . . , cL) and the iP -th group of

polynomials, given in (22), is the w
(P )
ip,iL

. Therefore, all polynomial nodes, belonging to the group ip, share the weight

w
(P )
ip,iL

as far as the g
(L)
iL

(x) is concerned. The same holds for the corresponding bias b
(P )
iP (P ). The above analysis is

clearly illustrated in Fig. 2.
To this end, the output of the polynomial layer comes in the following vector form:

g(P )(x) =
[
g
(P )
1 (x), g

(P )
2 (x) . . . , g

(P )
d(n+1)(x)

]T
(24)
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The output layer calculates m outputs ŷ1, ŷ2, . . . , ŷm. The corresponding synaptic weight matrix and the bias
vector are:

W (s) =
[
w

(s)T
1 ,w

(s)T
2 , . . . ,w(s)T

m

]T
(25)

b(s) =
[
b
(s)
1 b

(s)
2 . . . b

(s)
m

]T
(26)

where µ = 1, 2, . . . ,m and each weight vector in (29) is:

w(s)
µ =

[
w

(P )
µ,1 , w

(P )
µ,2 , . . . , w

(P )
µ,d(n+1)

]T
(27)

The output ŷµ with µ = 1, 2, . . . ,m is calculated using the softmax activation function:

ŷµ =
er

(s)
µ∑m

k=1 e
r
(s)
k

(28)

where

r(s)µ = w(s)T
µ g(P )(x) + b(s)µ (29)

Figure 23: The structure of the proposed network.

Figure 24: The structure of the polynomial and output layers (the elliptical curves contain the shared weights)
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Next, we show that the quantity r
(s)
µ can be written as the sum of d truncated Hermite polynomial series of order

n.
From (29) we obtain

r(s)µ =

d(n+1)∑
t=1

w
(s)
µ,tg

(P )
t (x) + b(s)µ (30)

which is modified as:

r(s)µ =

n+1∑
t=1

w
(s)
µ,tg

(P )
t (x) + . . .+

d(n+1)∑
t=(d−1)(n+1)+1

w
(s)
µ,tg

(P )
t (x)

+b(s)µ

(31)

Thus,

r(s)µ =

d∑
iP=1

iP (n+1)∑
t=(iP−1)(n+1)+1

w
(s)
µ,tg

(P )
t (x) + b(s)µ (32)

For a specific value of the index i in eq. (22), there is a one-to-one correspondence between the index

t = (iP − 1) (n+ 1) + 1, (iP − 1) (n+ 1) + 2 . . . , iP (n+ 1) (33)

and the index v = 0, 1, 2, . . . n. In addition, for a specific iP , the subsequent substitution takes place: a
(i)
µ,v = w

(s)
µ,t.

Taking into account the activation functions g
(P )
t (x) in eq.(22) the eq.(32) is modified as follows:

r(s)µ =

d∑
iP=1

n∑
v=0

a(i)µ,vHv

(
z
(P )
iP

(x)
)

+ b(s)µ (34)

Since the polynomial H0

(
z
(P )
iP

(x)
)

is equal to 1, the b
(s)
µ can be absorbed by the weight of one of these polynomials.

Finally, we can easily notice that the r
(s)
µ is represented as the sum of d truncated Hermite polynomial series of order

n.

7.3 Simulation experiments results

In this section, the proposed network is compared with four competitive methods. The first one is a deep feedforward
neural network (DFNN), while the other three methods are taken from the WEKA software [117] and they are the
well-known J48, the Decision Stump (DS), and the Random Tree (RT) algorithms. In all simulation experiments, the
DFNN network utilizes 5 dense layers with 12 ReLu nodes each, while the output layer uses the “softmax” activation
function.

The optimization task is conducted in terms of the ADAM optimizer [118], while the objective function is the
categorical cross-entropy function. The performance index is the Classification Accuracy (CA) normalized in the
interval [0,1]. Finally, five data sets are used to conduct the comparative analysis. The data sets were taken from the
UCI Machine Learning Repository [119] and their basic properties are provided in Table 2.

Data Sets No of Instances No of Inputs No of Classes

1: Abalone 4177 8 3

2: Cardiotocography 2126 21 3

3: Statlog German Credit 1000 24 2

4: Red Wine Quality 1599 11 6

5: Wisconsin Diagnostic Breast Cancer 569 30 2

Table 2: Datasets Properties

For each data set we used 5-fold cross-validation analysis. Regarding each fold the proposed network run 10 times
with different initializations. Thus, for each data set and each method, 50 samples were generated.

Tables 3 and 4 summarize the mean values and the corresponding standard deviations of the Classification Accuracy
(CA) index, obtained by the five competitive algorithms, regarding all tested data sets. The following remarks can be
easily derived. First, in all tested data sets the proposed network clearly outperforms the other methodologies. Second,
the case where truncated Hermite polynomial series of order n=2 are used, appear to achieve the best performance in
two out of five data sets, while the use of truncated series of order n=3 provides the best results in the remaining three
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data sets. Third, Table 3 directly indicates that the DFNN and the J48 are the dominant among the four competitive
methods.

# Dataset Proposed (n=2) Proposed (n=3) Proposed (n=4)

1 0.5629±0.02 0.555±0.01 0.551±0.02
2 0.899±0.02 0.910±0.03 0.879±0.03
3 0.720±0.03 0.755±0.02 0.733±0.03
4 0.586±0.03 0.583±0.03 0.577±0.04
5 0.942±0.02 0.952±0.02 0.880±0.10

Table 3: Classification accuracy index and the respective standard deviations obtained by the proposed network for
the five datasets.

# Dataset DFNN J48 DS RT

1 0.550±0.01 0.527±0.01 0.529±0.01 0.495±0.01
2 0.881±0.01 0.894±0.16 0.783±0.01 0.859±0.19
3 0.719±0.03 0.729±0.02 0.729±0.02 0.677±0.03
4 0.559±0.04 0.546±0.16 0.490±0.16 0.556±0.16
5 0.942±0.02 0.917±0.11 0.892±0.02 0.930±0.02

Table 4: Classification accuracy index and the respective standard deviations obtained by the four competitive methods
for the five datasets.

To further scrutinize the above results, the five methods are compared in terms of inference statistics. As far
as the proposed network is concerned the case of truncated Hermite polynomial series of order n=3 is considered.
Descriptive statistics were evaluated regarding the samples obtained for each data set and each method. The resulting
box-plots are illustrated in Figure 25. Next, we applied the Kolmogorov– Smirnov test, which showed that the data
were normally distributed. Thus, to assess the hypothesis that there is a statistically significant difference between
the proposed method and the other methods we applied paired t-tests for each dataset individually.

(a) Dataset 1 (b) Dataset 2 (c) Dataset 3

(d) Dataset 4 (e) Dataset 5

Figure 25: 4 Box plots of the five methods (proposed n=3) with respect to Dataset 1, Dataset 2, Dataset 3, Dataset
4 and Dataset 5

The null hypothesis assumes that the true mean difference is equal to zero, while the upper-tailed alternative
hypothesis assumes that the difference is greater than zero. Table 4 depicts the 95intervals of paired differences and
the corresponding p-values. Regarding the Dataset 1, the null hypothesis is rejected in favour of the alternative
hypothesis for each pair. The proposed method outperforms J48, Decision Stump and Random Tree at significance
less than 0.001 and DFNN at significance 0.04.

In the Dataset 2, our method has a statistically significant difference against DFNN and Decision Stump, where
the null hypothesis is rejected at significance less than 0.001. Meanwhile, J48 outperforms the proposed method at
significance less than 0.001 and there was no statistically significant difference between the proposed network and the
Random Tree, thus we cannot reject the null hypothesis.
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Pair Mean 95% Confidence Interval of Difference t p-value

Proposed-DFNN 0.0052 [-0.001,0.011] 1.9 0.04

Proposed-J48 0.0278 [0.022,0.336] 9.6 < 0.001

Proposed-DS 0.0255 [0.199,0.310] 9.3 < 0.001

Proposed - RT 0.0623 [0.0533,0.67] 17.9 < 0.001

Table 5: Dataset 1: Comparative results obtained by the t-test inference statistics

Pair Mean 95% Confidence Interval of Difference t p-value

Proposed-DFNN 0.2960 [0.0199, 0.0393] 6.1 < 0.001

Proposed-J48 -0.017 [-0.0260, -0.0080] -3.8 < 0.001

Proposed-DS 0.1284 [0.1198, 0.1369] 30 < 0.001

Proposed - RT 0.0013 [-0.0083, 0.0109] 0.28 < 0.001

Table 6: Dataset 2: Comparative results obtained by the t-test inference statistics

Regarding the Dataset 3, the null hypothesis is rejected in every case at significance less than 0.001 directly
indicating the superiority of our proposed network.

For the Dataset 4 the null hypothesis is rejected in every case. In addition, the proposed network performs better
than DFNN and Decision Stump (significance less than 0.001), while it achieves inferior performance when compared
to the J48 and Random Tree algorithms.

Finally, in the Dataset 5, the null hypothesis is rejected, and the proposed method seems to be superior than the
other methods at significance level less than 0.001.

To summarize, the above results clearly indicate that the use of the polynomial layer significantly improved the
performance of the DFNN, while maintaining a superior behavior when compared to the rest of the tested methods.

Pair Mean 95% Confidence Interval of Difference t p-value

Proposed-DFNN 0.0363 [0.0243, 0.0484 ] 6.1 < 0.001

Proposed-J48 0.0264 [0.0171, 0.0356] 5.7 < 0.001

Proposed-DS 0.0255 [0.0157, 0.0352 ] 5.3 < 0.001

Proposed - RT 0.0779 [0.0661, 0.0896] 13.3 < 0.001

Table 7: Dataset 3: Comparative results obtained by the t-test inference statistics

Pair Mean 95% Confidence Interval of Difference t p-value

Proposed-DFNN 0.0107 [0.0039, 0.0175] 3.2 0.001

Proposed-J48 0.0179 [ 0.0094, 0.0264] 4.2 < 0.001

Proposed-DS 0.0605 [0.0514, 0.0695 ] 13.4 < 0.001

Proposed - RT 0.0223 [0.0134, 0.0312] 5.03 < 0.001

Table 9: Dataset 5: Comparative results obtained by the t-test inference statistics

7.4 Conclusion

In this paper, a novel polynomial deep feedforward neural network classifier has been developed. The task was to
investigate the potential influence of Hermite polynomial activation functions to the overall classification accuracy.
The network consists of several fully connected layers followed by a polynomial layer with a specialized structure
based on Hermite polynomials. The very core of the functionality of the polynomial is to admit linear combinations
of the outputs coming from the previous dense layer and expand each one of them into truncated Hermite polynomial
series. Then, each network’s output is realized as the sum of the abovementioned series. The existence of Hermite
polynomial truncated series in the network’s inference enhances the corresponding classification performance because
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Pair Mean 95% Confidence Interval of Difference t p-value

Proposed-DFNN 0.0237 [0.0082, 0.0392] 3.1 0.002

Proposed-J48 -0.0166 [-0.0271, -0.0061 ] -3.2 0.001

Proposed-DS 0.0323 [0.0223, 0.0423] 6.5 < 0.001

Proposed - RT -0.0289 [-0.0402, -0.0177] -5.2 < 0.001

Table 8: Dataset 4: Comparative results obtained by the t-test inference statistics

it embeds into the design process all the advantages provided by those series such as the strong modelling capabilities,
the simplicity, the universal approximation property, etc. In addition, the connection between the polynomial layer
and the previous dense layer is realized in terms of shared synaptic weights, which acts to produce a convenient
training procedure. The network was compared with four other methods in terms of statistical analysis on the basis
of several data sets. The simulation results support the above analysis since the network appeared to achieve superior
performance.
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